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Abstract 

B TeopeTHHecKOH (|)H3HKe MacTO BCTpenaiOTca KBaHTOBbie CHCTeMbi co cb5I35imh: Bce co- 
BpeMeHHbie peajiHCTHHHbie MO^ejiH KBaHTOBofi TeopHH nojia OTHOcaTca k STOiviy Tnny. 
Hccjie;i;yiOTca o5iii;He MaTeiviaTHHecKHe CBOHCTBa npocTeftinHx KBaHTOBbix chctcm c jih- 
HeHHbiMH CBaasMH, fljia KOTopbix raMHjibTOHHan KBa^paTH^en no onepaTopaM yMHOJKe- 
HHa Ha KOop^HHaTbi H flH(l)(l)epeHn,HpoBaHHfl. TaKHe CHCTeMbi BOSHHKaiOT npn npHMene- 
HHH KBasHKjiaccH^ecKoro npnSjiHJKeHHa k KBanTOBbiM CHCTeMaM KaK co CBaaaMH, Tax h 
6e3 CBaaeii. B paSoTe npHBO^aTca pasjiHHHbie KOHCTpyKii;HH rnjibSepTOBa npocTpancTBa 
cocToaHHH CHCTeMbi CO CBasaMH, HCCJieflyiOTca CBOficTBa rayccoBCKHX (|)yHKii;HH h kom- 
njiCKCHoro pocTKa MacjiOBa; npHBO^HTca o5o5meHHe na chctcmbi co CBaaaMH TeopeMbi 
MacjiOBa o BsaHMOCBasH ycToii^HBOCTH KjiaccnnecKHx raMHjibTOHOBbix chctcm h cyme- 
CTBOBaHHH rayccoBCKOH coScTBGHHOH 4)yHKn,HH y KBaflpaTH^Horo raMHjibTOHHana. 
Eu6AU02pa(fiuH: 13 HaHMeHOBannH. 

KAwneeue CAoea: KOMnjiCKCHbiH pocTOK MacjiOBa, raMHJibTOHOBbi CHCTCMbi co CBaaa- 

MH, KBaHTOBaHHC. 



''PaGoTa BbinojiHena npn (JjHHaHCOBoii no^^epjKKe PoccHHCKoro dpoajia (J)yHflaMeHTajibHbix HCCJie^o- 
BaHHii, npoeKTbi 08-01-00601-a h 05-01-02807-HI];HHJ1. 







1 BBG^eHHe 



raMHjibTOHOBbi CHCTeMbi CO CBasaMH [1] HrpaiOT BajKHyio pojib B coBpeMeHHOH TeopeTHHe- 
CKoii (|)H3HKe. B KjiaccH^ecKoii MexanHxe TaKHx CHCTeM ocHOBHbiM 06136x10^1 — (J)a30BbiM 
npocTpancTBOM [2] — aBjiHCTca ne M^" = {{P,Q)\P,Q € M"}, a noBepxnocTb b R^", 
sa^aBaeMaa k ypaBHeHHaiviH 



A„(P,g) = 0, a^l,k. (1.1) 

npeo6pa30BaHHe 3bojiioii;hh ^Jia CHCTeMbi co CBaaaMH no 4)opMe ne OTJinnaeTca ot 3bojiio- 
n,HH MexaHH^ecKOH CHCTeMbi 6e3 CBaaeii: oho nepeBOflHx naHajibHoe ycjiOBHe fljia CHCTeMbi 
FaMHjibTOHa 

jieiKainee na noBepxHOcra (1.1), b pemeHne SToii CHCTeivibi b momght t, KOTopoe npe^nojia- 
raeTca TaKJKe jiejKamnM na SToii noBepxnocTH. Hpn stom H(P, Q) naabiBaeTca (i)yHKii;HeH 
FaMHjibTOHa. 

B cjiy^ae, ecjiH cko6kh HyaccoHa 



i ' ^-Z^[dQidPi dPidQj 



CBaaeii flpyr c flpyroM h c c|)yHKn,HeH FaMHjibTOHa H oSpamaeTca b nyjib na noeepx- 

HOCmU C6H3U (1.1) 

{A„;A6} = 0; {A,;//} = 0, (1.3) 

roBopax o CHCTeMe co CBaaaMH nepBoro po^a no /^npaKy. Hivienno k xaKOMy xnny n ot- 
nocaxca KajiH6poBOHnbie Teopnn [3,4] (b MacTnocxn 3JieKTpoflHHaMHKa) . Otmcthm, hto 
fljia CHCTeMbi CO CBaaaMH (1.1), y;iOBJieTBopaioni;HMH ycjiOBnaivi (1.3), 4)yHKn;HH A^ rene- 
pnpyiOT CHMnjieKTH^ecKHe npeoGpasoBanna, aaflaron^ne OTnonienne KajinSpoBOHnon 3k- 
BHBajienTHOCTH na 4)a30BOM npocTpancTBC. 

PaccMOTpHM Tcnepb KBanTonyio MCxannKy chctcm co cnaaaMn. OcnonnbiM nonaxn- 
BM KBanTOBOH TBopHH aBjiacTca rHjib6epT0B0 npocTpancTBO cocToannn 7i; mhctbib co- 
CToanna KnanTOBon chctcmm b KajKflbin mombht bpbmbhh aa^aiOTca 3JiBMBHTaMH SToro 
npocTpancTBa [5,6]. /Ijia chctcmm c n KOopflnnaTaMn n n nivinyjibcaMH b KaMBCTBC Ti 
Bbi6HpaiOT L^(M") BOJinoBbix 4)yHKn;HH ^(^1, ...,^h): saBncan^nx ot n apryiviBHTOB; npeo6- 
paaonannB 3BOJiion,HH 3a;],aeTca oflnonapaMeTpHHBCKoii rpynnoii ynHxapnbix oncpaTopon 
e~'^*, KOTOpbIB BBpBBOflaT HaMajIbHOB yCJIOBHB fljia ypaBHBHHa IIIpBflHHrBpa 

.#|t) ^ ^^^^^^ ^^^^ ^ ^ 

B pBniBHHB 3TOrO ypaBHBHHa B MOMBHT t. FBHBpaTop rpyHHbi H HaSblBaBTCa OHBpaTO- 

poM FaMHjibTOHa. OopMajibHO OH HOJiynaBTca h3 KJiaccHHCCKoii c|)yHKH;HH FaMHJibTona 

aaMBHOii KJiaCCHHCCKHX HMHyjIbCOB H KOOpflHHaT Pj, Qi Ha KBaHTOBbIB HMHyjIbCbl H KOOp- 

flHHaxbi — OHcpaxopbi 

d 
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QopMajibHO H = H{p, q). 

HsBecTHbi pa3JiHHHbie cnoco6bi yneTa CBaaefi b KBaHTOBoii TeopHH. nepBbiii cnoco6 
ocHOBan Ha MOflHc|)HKaii;HH CKajiapnoro npoH3Be^eHHa [7]. Bmbcto o6biHHoro CKajiapnoro 
npoH3BefleHHa b npocTpancTBe c|)yHKn,HH 

Bbi6HpaeTca flpyroe: 

((/,/)) =(/,n^(^«)/)' 

a 

rfle Aa — onepaTopbi CBaaen, paBHbie 4)opMajiBHO = Aa{p,q). HpH stom roBopaT, hto 

BOJIHOBaa c|)yHKIi;Ha f{^l,---,^n) KajIH6pOBOHHO 3KBHBajieHTHa HyjIK), ecjiH ((/,/)) = 0. 

HpocTpaHCTBO 4)yHKii;HH 4)aKTopH3yeTca no ;i;aHHOMy OTHomeHHio 3KBHBajieHTH0CTH, no- 
cjie Hero paccMaTpHBaeTca nonojineime 4^aKTopnpocTpaiiCTBa. B KanecTBe npeo6pa30Ba- 
HHa 3BOJiion,HH TaK>Ke BbiSHpaeTca o/iHonapaMeTpHHecKaa rpynna e~*^*, KOTopaa cyjKa- 
GTca Ha 4)aKTopHpocTpaHCTBO H pacHiHpaeTca na ero nonojineHHe. 

^pyroii cnoco6 yHeia CBa3eH, npeflJioJKeHHbiii /^npaKOM [1], 3aKjiiOMaeTca b najioJKe- 
HHH ^onojiHHTejibHoro ycjiOBHa 

KF = (1.6) 
Ha c|)yHKn,HH F{^i, ^n) H3 HpocTpancTBa cocToaHHH. npeo6pa30BaHHe 3BOJiion,HH laKJKe 
HMeeT BH^i; e^*^*. B ji^annoM cnoco6e KBaHTOBanna BecbMa neTpHBHajibHO 3anHcaTb aBnyio 
c|)opMyjiy fljia CKajiapnoro npoH3BefleHHa. 

npHBe^eHHbie cnoco6bi yneia CBa3eH paccMaTpHBajiHCb b npocTefimeM a6ejieB0M cjiy- 
Mae, Kor^a 

[A„;A6]=0; [A„; ^] = 0. (1.7) 

B 6ojiee cjio^khmx cjiynaax cnoco6bi yneia CBa3eH cjie^yeT MOflHc|)Hn;HpoBaTb [8,9]. 

MojKHO noKa3aTb, hto npn onpe^^ejienHbix npe,T,nojTO>KeHHax cnoco6bi y^eTa CBa3eH 
SKBHBajieHTHbi flpyr flpyry. Hcnojib3ya KBa3HKjiaccHHecKHe MCTOflbi Macjioea [10,11], yfla- 
eTca nepeiiTH ot KBanTOBoii leopHH CHCieM co CBa3aMH k KjiaccHMecKoii [12]. 

B pa6oTe CTpoaTca ocHOBHbie MaTeMaTHHecKHe o6T>eKTbi ^Jia CHCTeMbi co CBa3aMH, 
HCCJie^yiOTca hx CBOiicTBa b npocTeiinieM cjiynae, Kor;i;a CBa3H A^ aBJiaiOTca JiHHeiiHbiMH 
K0M6HHan,HaMH onepaTopoB KOop^HnaT h HMnyjibcoB (1.5) 

K^YlC^t^^i-Qt^Pi), « = (1-8) 

i 

Tor^a KaK raMHJibTOHHan H abJiacTca KBa^paTHHHbiM no 3thm onepaTopaM: 

^ =\ ^\PiHp^p,Pj + qiHq^p.Pj + PzHp^q^Qj + qiHg.Q.qj] (1.9) 

ij 

KaK BblTCKaCT H3 TBOpHH KOMnjIBKCHOrO pOCTKa MaCJIOBa B TOHKB [11] flJia CHCTBM CO 

CBa3aMH [12], HMBnno k TaKOMV cjiynaro n CBo;i;nTca rjiannbin nopa;i;oK KBa3HKJTaccHHB- 
CKoro pa3Ji0JK6nHa. PaccMaTpHBaBMbiB cncTBMbi c JinnciinbiMH CBa3aMH n KBa^paTHH- 
nbiMn raMnjibTonnanaivin BOsnnKaroT TaKJKB npn ncnojib30BanHH TBopnn JiarpanjKBBbix 

MH0r006pa3HH C KOMnjIBKCHbIM pOCTKOM fljia CHCTBM 6b3 CBa3BH, B HaCTHOCTH B 3aflaMaX 
C BbipOJKflBHHblMH TOHKaMH HOKOa H HHTBrpajiaMH flBHJKBHHa [11,13]. 



2 



2 THjibSepTOBO npocTpancTBO cocToaHHH CHCxeMbi co 
CBasaMH H ero CBoiicTBa 



B HacTOflmeM paa^ejie ctpohtch rHjib6epT0B0 npocTpancTBO coctohhhh CHCieMbi co cbh- 
3aMH. B nyHKTe 2.1 MaTeMaTHHecKH onpe^ejiaeTca rHJib6epT0B0 npocTpancTBO c|)yHKii;HH c 
flejibTao6pa3HbiM CKajiapHbiM npoH3Be;i;eHHeM (5) h nccjre^iyiOTca ero CBoficTBa. B nyiiKTe 
2.2 onpe^ejiaeTca rnjibSepTOBO npocTpariCTBO o6o6meiiiibix (J)yHKii;HH, yflOBJieTBopaiomnx 

CBOHCTBy (1.6), H CTpOHTCa H30MOp4)H3M 3THX THJIbSepTOBblX npOCTpaHCTB. B nyHKTG 2.3 

flOKasbiBaiOTca jieMMbi h Teopeivia, cc|)opMyjiHpoBaHHbie b nn. 2.1 h 2.2. 

2.1 IIpocTpaHCTBO Ti h ero CBoiicTBa 

HycTb Ai ~ = {(P, 2)1^, Q G M^} — 2n-MepHoe npocTpancTBO, b KOTopoM BBeflena 
KOCOCHMMeipHMHaa 2-c|)opMa ("KOCOCKajiapnoe npoH3BefleHHe") BH^a 

Q;).(Q")> = |:(W.'-i^"Q;). (2.1) 

By^eM Ha3biBaTb k-Mepnou usomponnou riAOCKOcmbH) b A4 BcaKoe /c-Mepnoe JiHHeiiHoe 
noflnpocTpancTBO >Cfc C At, Jiio6bie flba BCKTopa KOToporo KOCOopToronajibHbi flpyr flpy- 
ry: 

x',x" e Ck ^< x',x" >= 0. 

npe/inojTOJKHM, HTO Ha fc-MepHoii HSOTponnoii hjiockocth Ck Bbi6paHa Mepa HHTerpnpo- 
Banna djji{X)^ nHBapnaHTHaa OTHOCHTejibiio c^BnroB. 

ConocTaBHM xajK^oiviy BGKTopy X = (P, Q) E Ai onepaTop 

n 1 r) 

n{x) = n{p, Q) = - Q^-^), (2.2) 



1=1 



fleiicTByiomHH b npocTpancTBe IIlBapn,a S{1 
JleMMa 2.1. CnpaeedAueu ceoucmea: 



^e^^iP,Q) = e^E?=i(P.«.-|P.Q.) /(^ _ g). (2.3) 

gin(x)gif2(x') ^ gif^(x+x')g|<x,x'> 
Q(X)e^"(^') = e^"(^') (Q(X)+ < X, X' >) ^^"^^ 

^OKaaaTejibCTBa Bcex jigmm npHBe^enbi b nyHKTe 2.3. 

BnefleM b S'(]R") CKajiapnoe npoHSBe^eHHe cjieflyiomHM o6pa30M: 

((/',/))= / d/.(X)(/',e^^W/), (2.5) 

JjCk 

rfle 

(/',/)= / ^er(o/(o- 
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o6biHHoe CKajiapHoe npoHSBefleHne. 

KoppeKTHOCTb onpe^ejieHHa (2.5) o6ecneHHBaeTca jieMMofi 2.2. 

JleMMa 2.2. 1. nycmt f,f' e S{W). Tosda ^yuKuun (/',e^"W/), 
X e Ch, npuHadAeoKum npocmpaHcmey ]IIeapi4a. B uacmHocmu, unmespaA (2.5) cxo- 
dumcH. 

2. CKajinpHoe npouseedenue (2.5) nenpepueno no f u f e monoAozuu npocmpaHcmea 
Uleapv^a. 

06o3HaHHM Hepe3 S(W^.,Ck) npocTpancTBO IIlBapii;a co CKajiapnbiM npoHaBe^eHHeM 
(2.5). 

SaMenaHue. C TO^HOCTbio jip HHCJiOBoro MHOJKHTejia (J)opMyjia (2.5) coBna^aeT c (5). 
^leiicTBHTejibHO, nycTb (A'(^), A'W) {X^"^ = (p("), Q^'^))) - 6a3HC na Ck. Torfla na 
jCk MOJKHO BBecTH KOopflHHaTbi Q;i,...,Q;fc, conocTaBHB KajK;i;oMy 3JieMeHTy X E jCk ero 
paajiojKeHHe no 6a3Hcy 

k 

X = J2aaX^^\ (2.6) 

a=l 

HnBapHaHTHaa Mepa b paccMaTpHBaeMoii CHCieMe KOopflHnaT aannmeTca KaK 

diJ,{X) — Jdai...dak, J = const. (2.7) 
HocKOJibKy onepaTopbi = A^") coBna^aiOT c (1.8), CKajiapnoe npoH3Be^eHHe (2.5) 

npHMBT BH^ 

((/', f))-jj dai...dak{f, e-i^i+" J). (2.8) 

KaK BblTCKaeT H3 JIGMMM 2.1 H CBOiiCTBa HSOTpOnnOCTH, e«"lAl+---+«"fcAfc = g«aiAi^^ gjafcA^^ 

HocKOJibKy J daaC^'^"'^'^ — 27r(5(Aa), (J^opiviyjia (2.8) ^eiicTBHTejibHO npHBO/i,HTca k BH^y 
(5). 

JleMMa 2.3. CnaAHpHoe npouaeedenue (2.5) Heompui4ameAbHO onpedeAeno: 

((/,/)) >0. (2.9) 



OKasbiBaeTca, hto HepaBencTBO (2.9) aBJiaeTca necTporHM: cymecTBviOT TaKne Heny- 
jieBbie 4)yHKii;HH /, hto ((/,/)) = 0. /^eiicTBHTejibHO, paccMOTpHM CKajiapnoe nponsBe- 
flenne b 4)opMe (2.8). Bocnojib3yeMca TOJKflecTBOM 

J j dai...dafc^^(/',e-i^i+-+-'=^V)=0, 

KOTOpOe MOJKHO SaUHCaTb TaKJKe B BHfle 

((/',A„/)) = (2.10) 
HoflCTaBjiaa /' = Aaf, nojiy^HM, ^to ((A^/, Aa/)) — 0. H3 cooTHomenHa (2.10) laKxe 

BblTCKaeT, HTO 

{{fMX)f))^0 (2.11) 

fljia jiio6oro X E jCk. 
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BBe;i;e]vi na npocTpancTBe S{W',Ck) OTHomenHe SKBHBajieHTHOCTH. HojioiKHM /i ~ /2, 
ecjiH 

((/l-/2,/l-/2))=0. 

Tot (i)aKT, hto ~ sBJiaeTca OTHomeHneM 3KBHBajieHTH0CTH, BbiTexaeT h3 cjie^yioineH 
jieMMbi. 

JleMMa 2.4. 1. Ecjiu {{f,f)) — 0, mo {{f,g)) — dAH aio6o8o g. 
2. BeedeHHoe omHomeHue ~ ydoeAemeopMem ceoucmeaM pe^AeKcuenocmu, cuMMempuu- 
Hocmu u mpaHsumueHocmu. 

PaccMOTpHM 4)aKTopnpocTpaHCTBO 5'(M", Ck)/ ~, cocToainee h3 KJiaccoB 3KBHBajieHT- 

HOCTH [/]. CjIOJKeHHe, yMHOJKeHHe H CKajiapHOe npOH3BefleHHe KJiaCCOB 3KBHBajieHTH0CTH 

onpeflejiHM no ^opujjiau 

[/i] + [/2] = [/i + /2]; «[/] = [«/]; ([/i],[/2]) = (/i,/2) 

KaK BbixeKaeT h3 jieMMbi 2.4, BBeflennbie onpe;iejieHHa KoppeKTHbi, to ecTb ne 3aBHcaT 
OT Bbi6opa npe;i;cTaBHTejieH KJiaccoB SKBHBajieHTHOCTH [/i], [/2]. 
PaccMOTpHM nonojiHenne (J)aKTopnpocTpaHCTBa 

HMeHHO OHO H Bbi6HpaeTca b KanecTBe rHjib6epT0Ba npocTpancTBa b o^hom h3 noflxoflOB 

K KBaHTOBaHHK) CHCTeM CO CBa3aMH. 

Hccjie^yeM CBoficTBa neKOTopbix onepaTopoB, ^eficTByioinHx b npocTpancTBe Ti. Pac- 
CMOTpHM onepaTop BH^a 

JleMMa 2.5. 1. Uycmb mouKa Y ^asoeozo npocmpaHcmea npuHadAeotcum Kocoopmo- 
soHaAbHOMy donoAHenuK) k Ck (V & C^'^^), mo ecmt <Y,X >— npu ecex X e Ck- 
Tozda onepamop ft{Y), paccMampueaeMUU na S{M.'^,Ck), coxpannem omnomenue aneu- 
eaAenmnocmu u ydooAemeopnem ycAoeuw apMumoeocmu 

{{fMY)f'))^m{Y)fJ% (2.12) 

a onepamop e*^^^^ coxpaunem CKdAHpnoe npouseedenue ((/',/)) u omnomeHue aneuea- 
Aenmnocmu, odnosHaHHO npodoAotcaemcH na Ti do ynumapnozo onepamopa e*^^^^ . 
2. /(ah Atodou nocAedoeameAhHocmu 1^ — > m3 C^^^ nocAedoeameAhHocmh ynumapnux 
onepamopoe e*^^^"^ cuAtno cxodumcn k eduHUHHOuy. 

SaMenaHue. Hpn Y ^ ^k'^^ onepaxopbi e*^*^^) h Q{Y) ne coxpanaiOT OTHomenHe 
3KBHBajieHTH0CTH, no3TOMy Hx iiejibsa pacnpocTpariaTb ria Ti.. ^eflcTBHTejibiio, npn < 
Y,X >^ay^O HMeeM [n{Yy,n{X)] = -ia ^ 0; Tor^^a n{X)f ~ 0, n{X)n{Y)f - 0, ho 
Q{Y)Q(X)f — Q(X)Q,(Y)f — —iaf ne 3KBHBajieHTH0 nyjiio. 

2.2 IIpocTpaHCTBO li. h ero h30mop4)H3m npocTpancTBy Ti 

KoHCTpyKLi,Hfl THjibSepTOBa npocTpancTBa 7i flocTaiOHHO cjioJKna: npn ero nocTpoenHH 
Hcnojib30BaHbi onepan,HH c|)aKTopH3an,HH h nonojinenHa. yflo6HO Hcnojib30BaTb laKJKe h 
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flpyryio peajiH3aii;HK) rnjibSepTOBa npocxpaHCXBa cocto5ihhh, KOTopaa CTpoHTca b nacTO- 
aineM nyHKTe. 

ConocTaBHM 4)yHKii;HH / £ S(M.^,Ck) o6o6iii;eHHyio 4)yHKii;Hio F BH^a 

F = [ ci/.(X)e'^W/ = 77/. (2.13) 

KoppeKTHOCTb flanHoro onpe;i;ejieHHa EMTexaeT h3 jigmmbi 2.2. OSosnanHM MHOiKecTBO 
o6o6meHHbix 4)yHKLi,HH BH^a (2.13) ^epea S'(M",£fc)- 

JleMMa 2.6. Hycmh f E S{W,Ck) u F ^ rjf e S{W,Ck)- Tosda / ~ mozda u 
moAbKO mozda, Kozda F — 0. 

JleMMa 2.6 nosBOJiaeT bbgcth BsanMHO o^HoanaHHoe OTo6pa>KeHHe 770 npocTpancTB 
S{W,Ck)/ ^ H S{W,Ck) no 4)opMyjie 

Vo[f]^vf, /e[/]- 

JleMMa 2.7. 1. Ilycmb {[/«]} — (pyHdaMeHmaA'bHafi nocAedoeameAbHocmb KAac- 
coe 3KeueaAeHmHocmu U3 S{W\Ck)/ ~. Tozda nocAedoeameAbHocmb F„ — Vo[fn] £ 
S{M.'^,jHk) cxodumcH e monoAosuu o6o6ui,eHHUx ^yHKi4uu. 

2. ECAU ?7o[/n] — ^n^oo 6 CMUCAB o6o6ui,eHHUX ^yHK14UU, mo {{fn, fn)) ^n^oo 0. 

Ha nepBoro nynKTa jieMMbi 2.7 BbiTexaeT, ^to Ka>KflOMy sjieMenTy / G H oflHoanaHHO 
conocTaBJiena o6o6iii;eHHaa (J)yHKii;Ha F, KOTopyio oSoananHM KaK F = rjf. Ha BTopo- 
ro nyHKTa jieMMbi 2.7 cjieflyeT, hto onepaTop r] ocymecTBJiaeT BsanMHO oflHoanaHHoe 
OTo6pa>KeHHe Ti. na neKOTopoe no^npocTpancTBO b npocTpancTBe <5"(R"). 06o3HaHHM 3to 
noflnpocTpancTBO KaK 

n = ffH. (2.14) 
Onpe^ejiHM cxajiapHoe nponaBe^eHHe b Tif no 4)opMyjie 

m,fff)r^i{7J))- (2.15) 

Ha BsaHMHoii oflHoanaMHOCTH OToSpajKenna r] BbiTGKaeT, hto flannoe onpeflejienne Kop- 

peKTHO. 

OnnmeM KJiacc o6o6n];eHHbix 4)yHKn;HH, npnnafljieiKan^Hx Ti.. SToro BBe^eM nexo- 
Topbie BcnoMoraTejibHbie nonaTna. 

By^eM nasbiBaTb /c-Mepnyio HaoTponnyio njiocKOCTb Qk C Ai KaAu6poeoHHOU uaoc- 
Kocmbto /iJia HaoTponnoii njiocKOcra Ck, ecjin na + Qk KOCOCKajiapnoe npoHaBeflenne 
HeBbipojKfleno. 

JleMMa 2.8. 1. /Jam naMcdou usomponnou nAOCKOcmu Ck momcho nodo6pamb KaAu6- 
poeoHHyw nAOCKOcmb Qk- 

2. Ilycmb Qk ^ KaAu6poeoHHaH UAOCKOcmb Bah Ck- Tosda Bah ak)6o20 6a3uca 

Ha Ck MOCHCHO nodo6pamb 6a3uc y'^^\..., na Qk, ydoeAemeopHK)iu,uu ceoucmey 

< >^5a&. (2.16) 

3. Ilycmb Qk — KaAudpoeounafi nAOCKOcmb Bah Ck- Tozda M. pacKAadueaemcH e npHMyio 
cyMMy 

M = A + ^?fe + (A + ^?fc)<^>; 
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sdecb uepes {Ck + Qk)^^^ odosHaueHO KocoopmozonaAbHoe donoAuenue k Ck + Qk- 

By^eM roBopHTb, hto o6o6iii;eHHaa (i)yHKii;Ha $ = ^{x,y) {x e M"i, y e M"^) h3 
5"(R"i"'""2) donycKaem cyotcenue na noeepxHocmb y — 0, ecjiH ^Jia jiio6oh c|)yHKii;HH ip E 
jS'(R"i) h3 npocTpancTBa IIlBapn,a o6o6ii],eHHafl c|)yHKn,Hfl 



^viiy) = J dx^i{x)F{x,y) 



(oneBH^HO npHHa;i;jie>Kaiii;aa 5"(M"^)) aBJiaeTca HenpepbiBHoii (^yHKujie^ y b neKOTopoH 

OKpeCTHOCTH TOHKH y — 0. 

PaccMOTpHM BbipaiKeHHe BH^a 

R{Y) = {F', e'^(^)F), Y eM (2.17) 

JleMMa 2.9. Upu F,F' e S"(M") eupaotcenue (2.17) onpedeAHem o6o6ineHHy')o ^yuK- 
V)UW nepeMCHHOu Y e R^" U3 5"(M^"'). 9ma o6o6ui,eHHaH ^ynnVtUH Henpepueno aaeucum 
om F u F' . 

Kjiacc 7i o6o6iii;eHHbix 4)yHKii;HH mojkho onncaTb, Hcnojibsya cjie;i;yioiii;yio TeopeMy. 

TeopeMa 2.1. /Jam mozo Hmo6u o6o6iu,eHHaH cfjyHKV^UM F e S"(R") npunadAEMcaAa 
KAaccy Ti., Heo6xoduMO u docmamouHO, Hmo6u eMecme eunoAHHAUcb CAedymiu^ue dea 
ycAoeuH: 

(a) 

n{x)F = 

dAM 6cex X G Ck; 

(6) o6o6meHHaM cl)yHKii,uM 

{F, e'^^'^^F) 

donycKaem cyotcenue na HeKomopyw KaAu6poeoHHyn) nAOCKOcmb Qk- 

CKajiapnoe npoHSBeflenHe b npocTpancTBe Ti. mojkho aanncaTb aBHO (6e3 HcnojiBSO- 

Banna KOCBeHHofi c|)opMyjibi (2.15)) nepea (2.17). 

HycTb Ck — HaoTponnaa njiocKOCTb b M., Gk — KajTH6poBOHiiaa noBepxiiocTb ;i;jia nee; 

Ha Ck H Qk sa^aHbi Mepbi djji{X) h da(Y) cooTBeTCTBenHO, HHBapnaHTHbie OTHOCHTejibHO 

CflBHrOB. 

JleMMa 2.10. 1. /I,AH Henomopou KOHcmaHmu A, 3aeucHUi,eu om euda Mep d/i u da 
u He saeucHvueu om (pyHKv;au p, cnpaeedAueo ceoucmeo 

I dp{X) I da{Y)p{Y)e'<^^^> = p(0) x A. (2.18) 

J C-k JQk 

2. JJam aw6ou ffiyuKv^uu p{Y), Y G Qk, U3 npocmpancmea IUeap%a, ydoeAemeopnioineu 
ceoucmey p(0) = 1/A, cnpaeedAueo ceoucmeo 

((F,F))^= / da{Y)p{Y){F,e'^^'^^F), F e H. (2.19) 
J Ok 

PaccMOTpHM npHMepbi HcnojibSOBaHHa nojiynenHbix 4)opMyji. 
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npejK;i;e Bcero, otmcthm, hto b nacTHOM cjiynae CHCTeivibi 6e3 CBiiseii TeopeMa 2.1 flaei 
HOBbiii KpHTepHH npHHa;i;jie>KHOCTH o6o6in;eHHOH 4)yHKii;HH F e 5"(R") npocTpancTBy L^. 

TeopeMa 2.2. /Jam mozo Hmo6u o6o6vneHHaH (pyHKv;aH F e S"(R"') npunadAeofcaAa 
npocmpaHcmey L^, Heo6xoduMO u docmamoHHO, Hmo6u o6o6iut,eHHaH ^yuKUtUH 

{F, e'^i^^i^i-^iPi^F) = p{P, Q) 

U3 S"(M^"') 6uAa Henpepuena e ueKomopou OKpecmHocmu moHKU (P, Q) — 0. 

PaccMOTpHM Tenepb npocTeHniHe npHMepbi CHCieM co CBusnum. 

UpuMep 1. HycTb n — l^k — 1 (cHCTeMa c o^Hoii CTeneHbio CBo6o;i;bi h o;i;hoh CBasbio). 
HycTb H30TponHaa njiocKOCTb C\ — npaMaa, naTanyTaa na BCKTop (P = 0, Q = 1). Tor^a 
rHjib6epT0B0 npocTpancTBO Ti. CTpoHTca KaK nonojineHHe 4)aKTopnpocTpaHCTBa 5'(R;>Ci) 
CO CKajiapHbiM npoH3BefleHHeM 

((/,/)) = 27r(/,5(pi)/) = I j dUm'. (2.20) 

OneBHflHO, HTO ^Be 4)yHKii;HH / 3KBHBajieHTHbi, ecjiH paBHbi HHTerpajibi J d^f{^); tbm 
caMbiM KajK^OMy Kjiaccy 3KBHBajieHTH0CTH 0flH03HaHH0 conocTaBjieno hhcjio — HHierpaji 
J d^f{^) = f. TeM caMbiM npocTpancTBO Ti, 0Ka3biBaeTca oflHOMepHbiM. 

HocTpoHM Tenepb rnjibSepTOBO npocTpancTBO li.. CorjiacHO leopeMe 2.1, oho coctoht 
H3 o5o6iii;eHHbix 4)yHKii;HH F G >S"(]R), yflOBJieTBopaiomnx ^Byivi ycjiOBHaivi. IlepBoe h3 hhx 
3anHCbiBaeTca xax pF — 0, hjih ^ = 0. Cjie^OBaTejibHO, F — const. 

HTo6bi HCCJie^OBaTb BTopoe ycjiOBne, otmbthm, hto b KanecTBe KajiH6poBOHHOH no- 
BepxHOCTH MOXfHO BbiSpaTb jiio6oe OflHOMepHoe no/inpocTpaHCTBO, HaTanyToe na BeKTop 
{P,Q) npH P 7^ 0. HaTaneM ee na seKTop {P = 1,Q = 0). Tor^a npn Y = (/3, 0) G Qi 
nojiyHHM 

{F,e'^^^^F) = (P,e^^«P) = 27r\F\''5{p). 

Bh^ho, hto fljia 4)yHKn,HH F = const CKajiapnoe npoH3Be;],eHHe (2.17) fleiicTBHTejibHO flo- 
nycKaei cyjKenHe na KajiH6poBOMHyio nosepxHOCTb. TeM caMbiM npocTpancTBO Ti. laKJKe 
0Ka3biBaeTca oflHOMepnbiM. 

CBa3b 4)yHKii;HH F E Ti. n f E Ti, Bbirjia^HT Tax: 

F = 2nS{p)f, 

HJIH 

F{0 = j t^e/(e + «) = j dafia). 

H3 4)opMyji (2.18) H (2.19) naxo^HM, hto {{F,F)y — \F\^, mto corjiacyeica c (2.20). 

UpuMep 2. AHajiorHHHbiM oSpasoM paccMaxpHBaeTca h npHMep c n = 1, /c = 1, Kor^a 
HOflHpocTpaHCTBO Ci aBJiacTca HpaMOH, HaTanyTOH na BeKTop (P = 1,(5 = 0). Tor^a 

((/,/))= 27r(/, 5(g)/) =27r|/(0)r. 

Cjie;i;oBaTejibHO, ;i;Be 4)yHKn;HH / SKBHBajienTHbi, ecjin coBna^aiOT npn ^ = 0, h KajKflOMy 
Kjiaccy 3KBHBajieHTH0CTH conocTaBjieno hhcjio — 3HaHeHHe 3toh 4)yHKn,HH b tohkc ^ = 
(fljia yflo6cTBa yMHOJKHM ero na -\/27r): / = -\/27r/(0). TeM caMbiM Ti oflHOMepno. 
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HepBoe ycjiOBHe TeopeMH 2.1 iia 4)yiiKLi;HK) F ^ Ti, HMeeT bh^i; qF = 0, hto osHanaeT 
^F[^) = 0, HJiH F[^) = ^/2^TF6{^). HeTpy^HO noKaaaTb, hto h BTopoe ycjiOBHe TeopeMbi 
2.1 ^Jia c|)yHKii;HH F ^aHHoro BH^a TaKme BbinojiHeno. Cjie^OBaTejibHO, npocTpancTBO Ti. 

TaKJKe OflHOMepHO. 

H30Mopc|)H3M npocTpancTB Ti vlTH. CTpoHTca c noMombK) onepaTopa rj 

KaK HeTpy.T,HO noKaaaTb, ((F, F))^ = 

TpHBHajibHbie npHMepbi 1 h 2 mojkho HcnojibsoBaTb KaK ocHOBy fljia nocTpoeHna 6ojiee 

CJIOiKHblX, HeTpHBHajIbHblX npHMCpOB. 

UpuMep 3. IlycTb n — 2^k — 1, C\ — npaMaa, naTanyTaa na BCKTop (P = 0, Qi = 
1,Q2 = 0). Tor,T,a — 3to nonojineHHe c|)aKTopnpocTpaHCTBa 5"(]R^) co CKajiapnbiM 
npoH3BefleHHeM 

((/,/)) =27r(/,5(p0/) = j J rf6/(6,6)r. 

HpH 3T0M ^Be 4)yHKii;HH / 3KBHBajieHTHbi, ecjiH paBHbi HHTerpajibi -^(^2) — J 
TeM caMbiM npocTpancTBO Ti 3KBHBajieHTH0 npocTpancTBy L^(R). 

AnajiorH^HO, nepsoe ycjiOBHe TeopeMbi 2.1 aanHCbiBaeica KaK piF = 0, hjih F = 
F(^2)- HeTpy;],HO noKasaTb, hto {{F,F)y = f d^2\F{C,2)\'^ , a BTopoe ycjiOBne TeopeMbi 2.1 
3KBHBajieHTH0 npHHa;i;jie>KHOCTH F npocTpancTBy L^. 



2.3 /l^OKasaTejibCTBa jieMM h TeopeMbi 

^OKaxceM yTBep>K,T,eHHa, c4)opMyJiiipoBaHHbie b nacToameM paa^ejie. 

JJoKasameAhcmeo aemmu 2.1. SKcnonenTy ot onepaTopa e^'^^^^'^^ mojkho onpe/i,ejiiiTb 
KaK onepaTop, nepeBO^amnii nanajibHoe ycjiOBne /o(0 sa^ann Komn ^Jia 3BOJiioii;HOHHoro 
ypaBHenna 

j=i 



B pemeHHe 3toh aaflaHH /{t,-) "b MOMenT BpeMeHti'V. 5Ibhoh noflCTanoBKoii HaxoflHM, 



HTO 



HTO flOKasbiBaeT 4)opMyjiy (2.3). OopMyjibi (2.4) nojiy^aiOTca KOM6HHHpoBaHneM 4)opMyji 
(2.3). 

/J^OKaaameAbcmeo aemmu 2.2. Hcnojibsya 4)opMyjiy (2.3), nojiyHHM 

(/', e^"(^'«)/) = j rfCr (Oe^^"-^^^^^-^''^'^^V(C - Q). (2.21) 
Pa3Jiaraa 4)yHKn,nio /(O b HHTerpaji Oypbe 

/(O = j dKe^<f{K), 
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npHBo;i;HM BbipajKenne (2.21) k BH;i;y npeoSpaaoBaHHa Oypbe 4)yHKii;HH h3 npocTpancTBa 
IIlBapii;a 

KOTopaa TaKiKe npHHa^jie^KHT npocTpancTBy IIlBapii;a h nenpepbiBHO aaBHCHT ot / h /'. 
TaKHMH »ce CBOHCTBaMH o6jTa;iaeT h HHTerpaji ot stoh 4)yHKii;HH no jito6oh hjiockocth. 

JJoKasameAbcmeo aemmu 2.3. BBe^eivi "peryjiapH30BaHHoe"cKajiapHoe npoH3Be;i;eHHe 
BH/ta 

((/',/)).= / ciM^)e-^M(/',e^"W/), (2.22) 

rfle M(X, X) — npoHaBOJibHaa nojioJKHTejibHO onpe^ejieHnafl KBaflpaTHMHaa 4)opMa. H3 
TeopeMbi JleSera h npHnaflJiejKHOCTH c|)yHKn,HH (/', e*^^^^/) npocTpancTBy IIlBapn,a bm- 

TGKaeT, HTO 

((/',/)). -e^o ((/',/)). (2.23) 

HpoBepHM Tenepb HeoTpHii;aTejibHyio onpe^ejieHHOCTb CKajiapiioro npoHSBe^eHHa (2.22), 
paBHOCHJibHyio HeoTpHLi;aTejibHOH onpe;i;ejieHHOCTH onepaTopa 



I d/x(X)e-^^(^'^)e^^(^), (2.24) 



orpaHHMeHHoro BBH^y on,eHKH 



77,11 < / ci/x(X)e-^^M. 



ripe^CTaBHM onepaTop 77, b bh^b KBa^paTa apMHTOBa onepaTopa //g, KOTopbifi 6yfleM hc- 
KaTb B BH^e 

YHHTbiBafl, ^TO < X, X' >= 0, no jigmmg 2.1 nojiynnivi 

1^+^^ = d [ dfi{X') I d/x(X")e-^^^(^''^')e-^^^(^''^")e^^(^'+^"). 

HepenfleM k nepeMennbiM nnTerpHpoBanna X' n X = X' + X"; nojiyHHM, hto 



>Ck 

rfle nncjiOBaa c|)ynKn,Ha p(X) HMeei bh^ 



lit lie = / d/.(X)e^^(^)p(X), 



p{X) = Cl J^^ d^(x')e-2-[^(^''^')+^(^-^''^-^')l 



Hpn neKOTopoM Ci nojiynnivi p(X) = ^-^^i^^^)^ ^aK mto 



77e = l^tl^e- 
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Cjie;i;oBaTejibHO , 

i{fJ))e = {f,Vef) = {f^ef,fJ^ef)>0. 

Hcnojib3ya (2.23), nojiynaeM yiBepiKfleHHe jieMMbi. 

JJoKaaameAbcmeo abmmu 2.4- HepBoe yTBepjKflenHe jieMMbi 2.4 BbiTCKaeT h3 nepa- 
BeHCTBa KoniH-ByHaKOBCKoro, KOTopoe ^Jia BbipoiK^eHHoro cjiynaa ^OKaabiBaeTca Tax 
>Ke, KaK H ;i;jia HeBbipojK;i;eHHoro. Pe4)jieKCHBH0CTb h CHMMeTpHHHOCTb OTHomeHna ~ 
oneBH^iHbi. TpaiiSHTHBHOCTb BbiTCKaeT H3 ;i;oKa3aHHoro nepBoro nvHKTa. 

JJoKasameAhcmeo acmmu 2.5. CBoiicTBa onepaTopa ^{Y) BbiieKaiOT h3 onpeflejienHa 
3Toro onepaTopa. CoxpaneHHe CKajiapnoro npoH3BefleHHa BbiTeKaei h3 nepecTanoBOH- 
HOCTH onepaTopa e'^^^^ co bcbmh onepaTopaMH e*^^^^ (b CHjiy jieMMbi 2.1 h CBoiicTBa 
<Y,X >— 0), a 3HaHHT, h c onepaTopoM rj^. Us coxpaneHHa CKajiapnoro npoH3BefleHHa 
BbiTeKaeT coxpaneHHe OTHomenHa SKBHBajieHTHOCTH h 0flH03HaHHaa npo;ioji>KaeMOCTb 
H30MeTpH^ecKoro onepaTopa b Ti.. lis CBoncTBa (e*^*^^))~^ = e*^^^-* BbiTCKaeT o6paTHMOCTb 
H yHHTapnocTb. 

HTo6bi flOKa3aTb BTopoe yTBepjKflenHe jieMMbi, paccMOipHM npoH3BOJibHyio c|)yHKn,Hio 

/ e S{W). /lOKajKeM, HTO 

||(e'^>'.)_l)/||^^0 (2.25) 

HMeeM: 

||(e^n(y„) _ 1)^11^ ^ II . f dr^r^iyu)^(Yr,)f\\n = mYn)f\\H. 

Jo 

HocKOJibKy VL{Yn)f - jiHHeiiHaa K0M6HHaii;Ha cj^yHKi^HH iif{i) h ^ c K03(J)(J)Hii;HeHTaMH, 
CTpeMamHMHca k nyjiio, | |r2(y^)/| 0. Cjie;i;oBaTejibHO, cbohctbo (2.25) npoBepeno 

fljia / G 5'(]R"). Ho TeopeMe BaHaxa-IIlTeHHray3a oho mojkbt 6biTb npoflOJiJKeno na Ti. 
/^OKaaameAhcmeo acmmu 2.6. IlycTb / ~ 0. Tor^a npn jiio6om /' G 5'(R") 

{f,F) = {{fJ)) = 0, (2.26) 

KaK BbiTeKaeT h3 nepaBeiiCTBa Komn-ByHaKOBCKoro. CjTeji;oBaTejTbHO, F = 0. 

06paTH0, nycTb F = 0. Tor/ia ji,jTa jtioGoh /' G S'(]R"') cnpabeflJiHBO cbohctbo (2.26). 
B nacTHOCTH, oho BbiHOJineno npn /' = /, TaK hto / ~ 0. 

/JoKasameAbcmeo aemmm 2.7. Ecjih {[/«]} — 4)yHflaMeHTajibHaa nocjie^OBaTCJibHOCTb 
KJiaccoB 3KBHBajieHTH0CTH H3 <S'(]R"', vCfc)/ ~, TO ^jia jiio6oro £ < 

Il/n - fn'Wn < 

na^HHaa c nexoTopbix n.n' > N{e). CjieflOBaTCJibHO, fljia jiio6oro /' G 5'(M") no nepa- 
BencTBy KoniH-ByHaKOBCKoro 

|((/n-/n',/')ll<ll/1lwV^, 

TaK HTO HHCJiOBaa nocjieflOBaTejibHOCTb 

(i)yHflaMeHTajibHa h hmbbt npejifiji. CjieflOBaTCJibHO, nocjieflOBaTCJibHOCTb cxo^HTca 
B TonojiOFHH o6o6meHHbix c|)yHKn,HH. 
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/l,OKajKeM BTOpOe yTBepjK;i,eHHe JieMMbl. Ha CBOliCTBa 7]o[fn] -^n^oo BblTGKaeT, HTO 

((/ ) fn) ^n— ♦oo 

fljia JI1060H /' e S'(M"). J]f>KameM, hto {{fmfn)) ~^n^oo 0. HpeflnojiOiKHM npoTHBHoe; 
Tor^a ^Jia HeKOTopoii no^nocjie^OBaTejibHOCTH fnf, cnpaBe^jiHBbi CBoficTBa 

{{fn,, fn,)) > e > 0; ((/',/nJ)^fe^ooO. 

PaccMOTpHM npoH3BOJibHoe I. Bbi6epeM TaKoe m — Uk > I, hto 

\{{fl,fm))\<s/4. 

Torfla 

\{{fl-fmJl-fm))\>e/2. 

nojiyneHHoe npoTHBopenne c c|)yH^aMeHTajibHOCTbio nocjie^OBaTejibHOCTH {[/n]} flOKasbi- 
BaeT jieMMv. 

/^OKaaameAhcmeo abmmu 2.8. HycTb Ck — HaoTponnafl njiocKOCTb h {X^^\ X^''^) 
— 6a3HC Ha new, npH 3tom 

< , X'^^^ >= 0, a, 6 = TTfc (2.27) 

HpoflOJiJKHM 3T0T 6a3HC flo 6a3Hca {X^^\ A"*^^"^) Ha Ai. PaccMOTpHM jiHHeiiHbie 4)yHK- 
n,HOHajibi ojj, j — 1, 2n, na A4, onpeflejiennbie na 6a3HCHbix seKTopax KaK 

B CHjiy HeBbippojKfleHHOCTH KOCOCKajiapHoro npoH3BefleHHa jiio6oh jiHHeiiHbiH c|)yHKn,HO- 
Haji Ha A4 MOJKeT 6biTb npeflCTaBjien KaK 

u;j{X) =< x,y^^^ > 

fljia HeKOToporo y^-''^ G Ai. CJTe/I;oBaTe.^bHO, BbiSpanbi jinneHHO He3aBHCHMbie BeKTopbi 
y^^\ ...,y^''\ yflOBjieTBopflioin,He ycjiOBHHM 

PaccMOTpHM TCnepb BCKTOpbl 

k 

y{o-) ^ y{a) --J2< 3^^'^ > A'(^). (2.28) 

c=l 

YHHTbiBafl (2.27), Henocpe^CTBeHHbiM BbinncjieHHeM nojiynaeM, hto 

<y(^\y(b) >^0; < >=(5„6; a,6 = T7fc. (2.29) 

nocKOJiBKy < A'(«),^^3^('') >= eta, H3 CBOiiCTBa CKfeiV^^^ >= BblTCKaCT, HTO BCC 

at, — 0. CjieflOBaTCJiBHO, bcktopbi y^^\ ■■■■,y^'^^ > jiHHeiiHO He3aBHCHMbi. Hx jiHHeiiHafl 
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oSojiOHKa Qk YflOBJieTBopaeT bcgm CBoiicTBaM KajinSpoBOMHOH njiocKOCTH. HepBoe yxBep- 
jK^eHHe jieMMbi ^OKaaano. 

HycTb — npoH3BOJibHaa KajiH6poBOHHaa njiocKOCTb, Ha 
Ck, {y'~'^^',-,y^''^') - 5a3HC Ha Gk- BBH^y yCJIOBHfl HeBbipOJKfleHHOCTH KOCOCKajiapHOrO 
HpoH3BefleHHa na + Qk MaTpHn,a 

TaKJKe HeBbipojK;i;eHa. Tor^a 6a3HC 

:^(«) = (M-i)ca:^w' 

y^OBJieTBopaeT bcbm TpeSyeMbiM CBoiicTBaM (2.16). 

JJpKayKeu Tpeibe yTBepjKflenHe jieMMbi. IlycTb X^''^) h {y^^'\ y^'^'^) — bbb- 

fleHHbie 6a3HCbi na Ck ^ Qk- J1k)6oh bcktop Y e M. mojkho npeflCiaBHTb b bh^b cyMMbi 

k k 

y = - ^ < y^''\Y > x^"-^ + Y > y^^^ + 

0=1 6=1 

nepBoe cjiaraeMoe KOTopoii npnnaflJiejKHT Ck, BTopoe — Qk, ipeTbe — {Ck + Qk)^'^^ , 
nocKOJibKy 

^ajiee, npeflnojiOiKHM, ^to 

k k 

Y.o^aX^"'^ + Y.(^^y^'^ + ^ = 0; Z e (A + (2.30) 

a=l 6=1 

Bepa KOCOopToronajibHoe npoH3BefleHHe paBencTBa (2.30) c X^'^'' h y^'^\ naxoflHM, hto 
Ua = 0, Pb = 0; cjieflOBaTejibHO, Z = 0. JleMMa nojinocTbio ^^OKaaana. 

/^OKaaameAbcmeo acmmu 2.9. J\jiii jiio6oh 4)yHKLi,HH x ^ 5'(M^") paccMOTpHM hhtb- 
rpaji 

R[x] = J dPdQx{P,Q){F',e'^^P^'^^F) = 
J dPdQdiF'*{i)e'^Ui''^^i--2P^Qi^F{i - Q)x{P, Q). 

Hepexofla k nepeMennbiM HHTerpHpoBanHa P,^,t] — ^ — Q, nojiyHaeM 

R\X\ = J didrjF'*{OF{v) J c^Pe^^"=i^^^x(^,e-^)- (2-31) 

KaK H3BecTH0, npaMoe npoH3BefleHHe o6o6iii;eHHbix c|)yHKii;HH F'*[^)F[r)) TaKme aBJiaeTca 
o6o6meHHOH c|)yHKn,HeH h3 5"(]R^"), nenpepbiBHO 3aBHcaii],eH ot F h F'. OyHKn,Ha 



/ 



dPe'^J=^^^^x{P, C-V) 



npHiia;i;jie>KHT KJiaccy 5'(M^") h HenpepuBiio 3aBHCHT ot %. Cjie;i;oBaTejibHO, BbipajKenne 
R[x] onpe;],ejiaeT jiHHeiiHbiH HenpepbiBHbm (jjyHKi^Honaji b 5'(M^"), nenpepbiBHO 3aBHca- 

mHH OT H F' . 
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JJoKasameAbcmeo meopeMU 2.1. ^OKajKeM Heo5xo;i;HMOCTb. Hvctl. F G Ti,. ycTanoEHM, 
HTO Q[X)F — fljia Bcex X e Ck-, a oSoSmeHHaH (|)yHKii;Ha (F, e^^^^^^F) ^onycKaeT 
cyjKeHHe na jiio6yio KajiH6poBOHHyio njiocKOCTb. /^OKaaaTejibCTBO pa3o6beM na necKOJibKO 
jieMM. 

JleMMa 2.11. nycmt F eH. Toeda n{X)F = dAM ecex X e Ck. 
/I^OKaaaTejibCTBO. HycTb F = rjf, r^e / e S{M."-,Ck)- Tor^a fljia jiioSoh 4)yHKn,HH 
/' nojiyHHM 

{f,n{x)f) = {n{x)f,F) = m{x)f'J)) = 

B CHJiy onpe^ejieHHa o6o6iii;eHHOH npoHSBOflHofi h CBoficTBa (2.11). Cjie^OBaTejibHO, 
Q{X)F^O. 

^ajiee, nycTb F E H. 3to oana^aeT, ^to F = lim„^oo-^n, r/i,e F„ G ^(R",^^) h 
ri(X)Fn = no ,T,0Ka3aHH0My. IlocKO.rrbKy onepaiiHH vMHO^KenHH na h flH4)4)epeHixH- 
poBaHHH ^ HenpepbiBHbi b TonojiorHH o6o6meHHbix 4)yHKLi,HH, il(X)F = fljia JiioSoro 

F Eli.. JleMMa 2.11 flOKaaana. 

JleMMa 2.12. IJycmb F e S{R"',jCk). Tosda o6o6vneHHaH ^yHKi4UH (F, e^^^^^F) do- 
nycKaem cyotcenue na Aio6yio KaAu6poeoHHyio nAOCKOcmb Qk. 

/^OKasaTejibCTBO. IlycTb Qk — nponsBOJibHaa KajinSpoBOHHaa njiocKOCTb. BbefleM 
B C 7^^" KOopflHHaTbi cjie^iyiomHM o5pa30M. IlycTb X'^^\ X^^^ — Saanc na Ck, 
y'^^\ ...^y'^^^ — 6a3HC na Qk, yflOBjieTBopaiomHH CBoiicTBy (2.29), Z'^^\ Z*^^"""^'^^ — npo- 

H3B0JIbHbIH 6a3HC Ha {Ck + ^fe)^"*"^. ConOCTaBHM Y & M. pa3JI0>KeHHe 

k k 

Y = Y, o^aX^"^ + ^^y^"^ + E (2-32) 

a=l 6=1 A 

Ha30BeM (q;,/3, 7) KOopflHnaTaMH tohkh Y G M.. YTBep^KfleHHe jicmmbi 03HaMaeT, hto 
c|)yHKii;Ha 

(_p^e'^'=i"""('^'"'^+'^^=i'^''"(^'''^+'^A^^"(^*^')F) (2.33) 

MOiKBT paccMaTpHBaTbca KaK o6o6iii;eHHaa c|)yHKn;Ha /3, nenpepbiBnaa no a h 7 b OKpecT- 
HOCTH (a = 0, 7 = 0). HoKajKeM, hto 3to Tax n hto ^Jia jiio6oh x ^ 'S'(M") (i)yHKn;Ha 

p(a,7) = j (i/5x(/5)(F,e^^-i"«"('^'"')+^^'=i W(''))+^Ex7An(2W)ir) (2.34) 

anjiaeica nenpepbinnoH 4)ynKn,HeH a, 7. HponepHM 3to yTBepjKflenne. 
HycTb 

Tor^a fljifl nnTerpajia (2.34) nojiynnM 

p(a,7) = j2/da'da"rf/5(/,e*Eti"^.^(^("') 
giELi «a^^('^W)+^Etl/3i.^^(y"'')+*EA7A^^(2(^))e^ELl"a'^^('^'"')/). 

Hcnojib3ya BTopoe yTBepjKflenne jicmmbi 2.1, npHne^eM flannoe cooTnomenne k nn^y 

p(a,7) = J da'da"d(3x{P)e^^'=^^<-<'^'^'^ 
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HepeHfleM ot nepeivieHHbix HHTerpnpoBaHHa a' h a" k 
5lKo6HaH TaKoii aaivieHbi nepeMennbix paBen eflHHHii;e; OTCio^a 

Hcnojibsya H3BecTHyio 4)opMyjiy 

HaXOflHM 

CjieflOBaTejibHO , 

HpH 3T0M (|)yHKn,Ha ((/, e*^^''''-^^^^^^^^/)) nenpepbiBHO aaBHCHT ot 7, mto BbiTCKaeT xoth 
6bi H3 jieMMbi 2.5. 

TaKHM oSpaaoM, oSoSmeHHaa 4)yHKn,Ha (2.33) flencTBHTejiBHO flonycKaeT cyjKenHe na 
KajiH6poBOHHyio njiocKOCTb. JleMMa ^OKaaana. 

JleMMa 2.13. Uycmb o6o6vneHHaH (pyHKv;aH F npuHadAeofcum KAaccy Ti.. Tozda 0606- 
VLt,eHHaH (pyHKii^UM (F, e^^^^^F) donycKaem cyotceHue na Aio6yio KaAu6poeoHHyio haoc- 
Kocmb Qk- 

/I^OKasaTejibCTBO. YcjiOBHe F E H oana^aeT, hto F = lim„^oo-^n, -fn = vfn, 
H {/„} — nocjie^OBaTejibHOCTb (J)yHKii;HH h3 npocTpancTBa IIlBapii;a, y^OBJieTBopaiomaa 

CBOHCTBy ((/„ - fm, fn " fm)) ^n,m^oo 0. HpH 3T0M 

( F, e^SLi «an(A'("))+Eti /3i,^^(y(*))+EA 7Af2(2(^)) F) = 

Oiciofla cjie^yeT yTBep>K,T,eHHe jieMMbi. 

^OKajKeM flocTaTOHHOCTb B TeopeMe 2.1. HycTb 

n{x)F = 0, X e Ck, 

a HHTerpaji 

p(a,/3,7) = (F,e^^'-"«^('^^"^)+^ti WW)+EA7An(2W)^) (2.37) 
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(2.35) 



(2.36 



sBJiaeTca oSoSmeHHOH (i)yHKLi,HeM /3, HenpepbiBHoii no a, 7 b okpgcthocth tohkh a = 
0, 7 = 0. TpeSyeTca nocTpoHTb (i)yH;i;aMeHTajibHyio nocjie^OBaTejibHOCTb G S{W\Ck), 
fljia KOTopoH rjfn cxoflHTca K F B o6o6iii;eHHOM CMbicjie: 

{{fn - fm, fn - fm)) ^n,m-^oo 0; F = lim T^/n- (2.38) 

n— »oo 

HocTpoeHHe nocjie;],OBaTejibHOCTH h flOKaaaTejiBCTBO cbohctb (2.38) pa3o6beM na necKOJiB- 

KO JieMM. 

JleMMa 2.14. /I,ah aio6ou ^yHKi4uu x{P,Q) us npocmpaHcmea IUeapi4a eupaotcenue 



0(0 = j dPdQx{P,Q)e'''^''''^^F{0 



onpedejinem ocHoeHyw (f)yHKii,UK) U3 S{W''). 

/I,OKa3aTejibCTBO. AnajiorHMHO flOKaaaTejiBCTBy jicmmm 2.9 nojiynaeM, mto paccMaT- 
pHBaeMaa c|)yHKn,Ha pasHa 

H npHiia^jiejKHT 5'(R") no nsBecTHbiM CBoiicTBaM o6o6ni,eHHbix 4)yHKn;HH. 

JleMMa 2.15 Uycmb Sah (pyHK'u,uu F eunoAHeno ceoucmeo (2.36), a ^yHKu,UH $(/3, 7) 
npuHadAeotcum npocmpaHcmey ]IIeapi4a. Tosda unmespaA 

f^J d/3d7$(/3,7)e^^ti W(''>)+iEx7.n(zW)^ 

npuHadAeofcum KAaccy S{W^). 

/^OKaaaTejibCTBO. SaMeraM, hto h3 CBoiicTBa (2.36) BbiTeKaeT, hto 

F^e^ELi«af^(^(''')F. (2.39) 

HycTb x(Q!) — JiioSaa 4)yHKn,Ha a, HHTerpaji ot KOTopoii paBen eflHHHn,e. Tor^a 

F = y"rfax(«)e'^'-""''^'^'"')F. 

OTCio^a 

= / (ia(i/3(i7x(a)$(/?,7) 

Ho jieMMe 2.14 nojiynaeivi, hto / G 5'(R"). .JleMMa ;i;oKa3aHa. 
IloflSepeM nocjie^OBaTejibHOCTb /„ e 5'(M", C]^) xax 

= y ci/3ci7$4/?,7)e^^ti W(^')+^E.7xf^(^(^))i.^ (2.40) 
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r^e 

7) = n$(/5,n7), 

a cr) — rjia;i;Kaa BemecTBeHHaa (i)yHKii;Ha c KOMnaKTHbiM HOCHTejieivi, y;i;oBJieTBopa- 

lOIHaa yCJIOBHSM HOpMHpOBKH 

J{2T:f j d(7$(0,(7) = 1. (2.41) 
JleMMa 2.16. UocAedoeameAbHocmb rjfn cxodumcH k F e CMUCAe cxoduMocmu 0606- 
/XoKaaaTejibCTBO. HycTb if G S'(M"). YcTaHOEHM, mto 

{'P,Vfn) {'P,F), 

r^e 



HMeeM: 



J J rf«rf/5rf7$„(/5,7)e*S-i"-^- 
xe*Stl/36^^(y<'')+*EA7A^^(2(^')e»ELl"«^^(■^*'"')F = (2.42) 
J / dad^d-f^nW, 7)e^S'=i "<"'3„giEti /3.^^(y<^n+^ E. 7Af^(2(^))^ _ 
7(271)^= / (i7$„(0, 7)e*EA 7Af^(2(^')ir. 

3flecb Hcnojib30BaHbi jieMMa 2.1 h cbohctbo (2.39). CjieflOBaiejibHO, 

{ip,Vfn)-{<P,F) = {ipn,F), (2.43) 

rfle 



I d7^„(0,7)[e-^^^^^^(^''')-l]<^. 



YcTaHOEHM, ^TO nocjieflOBaTejibHOCTb 4)yHKn,HH cxoflHTca k nyjiio b CMbicjie cxoflHMO- 
CTH o6o6meHHbix c|)yHKn,HH. JXjih 3Toro flocTaTOMHO npoBepHTb, HTO fljia jiio6oro KoneM- 
Horo Ha6opa BexTopoB W^^\ h3 M. cnpaBe^jiHBO cbohctbo 

||0(W(^))...0(>V(^))(^„||l2 0. (2.44) 

SaMCHOH wy — a npHBOflHM HHierpaji (2.43) k BH^y 

cp^ = /rfa$(0,a)[e-^^SAT^^(^''') - l]ip 
= ^jda cir$(0, a) (-iaAfi(ZW))e-^^ i>-^(^^^^)^. 

Hcnojibaya nepecTaHOBOHHbie cooTHomenHa h3 jreMMbi 2.1, yHHTapnocTb onepaTopa 
g-*:^ Ea^a^^C-Z^-^^) KOMnaKTHOCTb HOCHTejia 4)yHKii;HH $, npnxoflHM K CBOiicTBy (2.44). H3 
nenpepbiBHOCTH 4)yHKn,H0Hajia F nojiy^aeM, mto nocjie^OBaTejibHOCTb (2.43) cxoflHTca k 
HyjiK). JleMMa flOKa3aHa. 
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JleMMa 2.17. IIpu ycAoeusix meopeMU 2.1 cnpaeedAueo cooniHomeHue 

k 

p{a,(3,j)^l[d{(3,)R{j), (2.45) 

6=1 

8de R{^) — nenpepuGuaji e OKpecmnocmu moHKU 7 = (^yuK'^UH. 
/],OKa3aTejii>CTBO. Ha CBoiicTBa (2.36) BbiTeKaeT, hto 



TEK HTO 

p(q,,/3,7) = (F,e^^a=i"af^('^<"*) 
xe' S»=i <^-^^^^''^)+i Eti Ea 7An(2(^))gi Ea=i "L'f^C-^^"') i?) 

Ho jieMMe 2.1 nojiyHHM 

p(«,/5,7) = (F^e^^«=i("'~"")"^" 
xe*^S=l("+«'+"")a^AfW)+Etl/36^^(y"'')+EA7A^^(2'^')i^) 

OTCio^a nojiynaeM, hto o6o6iii;eHHaa 4)yHKii;Ha p ne aaBHCHT ot o; h nponopn;HOHajib- 
Ha ria=i '^(/^a)' ™ ecTb HMecT BH^i; (2.39). Bbh^y nenpepbiBHOCTH 4)yHKii;HH (2.39) no 7 
B OKpecTHOCTH Hyjia c|)yHKn,Hfl -^(7) flOJiJKHa yflOBjieTBopaTb anajiorHMKbiM CBoiicTBaM. 
JleMMa flOKaaana. 

JleMMa 2.18. CnpaedeAueo ceoucmeo 



\\J m JmJJ n,m—*oo 

gde A — const. 

/^OKasaTejibCTBO. BBH^y (2.42) HMeeM 

((/nj/m)) — {fmVfm) — 

(/(i/?'d7'$„(/5',y)e-'StiW'')-EATin(2(^))F, 
J{2nf J rf7$™(0, 7)e'SA7An(2W)^) ^ 

J(27r)^ / dP'did^^rriP', y)$m(0, 7)p(0, -/?, 7 " Y) = 

7(277)^= / d7dy$„(o, y)$„(o, 7)i?(7 - y). 

Hocjie 3aMeHbi 717' — a' n rwy — a flannoe BbipajKeHne npHBo;i;HTca k BH^y 
{{fnJm)) = J{2nf [ da'da^*{0,a')m(^)Ri- ' -)■ 

^ TJX Th 

Ho TeopeMe Jle6era npn n, m — > 00 

iifnjm)) ^n,m^oc R{0) J (27:)" \ J da^O,a)\'' =A = const. 
JleMMa 2.18 ^OKaaana. 
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H3 jieMMbi 2.18 nojiynaeM, hto {/n} — 4)yHflaMeHTajibHaa nocjie;i;oBaTejibHOCTb; ;i;eH- 

CTBHTejIbHO, 

{{fn frm fn /m)) — {{fm fn)) ~l~ {{frm fm)) {{frn frnf) {{frm fn)) ^ 0. 

TeopeMa 2.1 nojiHOCTbio ^OKaaana. 

/JoKasameAbcmeo aemmm 2.10. SannmeM paBencTBO (2.18) b KOop^HnaTax (2.32). 
HycTb «!, ...,Q;fc — KOopflHHaTbi X ^ Ck, (/3i, ...,/3fc) — KOopflHHaTbi y G Tor^a hh- 
BapHaHTHbie OTHOCHTejiBHO cflBHroB Mepbi HHTerpHpoBaHHa d^{X) H da{Y) sanHinyTCH 
KaK 

dfj,{X) = Jdai...dak, da{Y) = Kdf3\...df3k. 

Hpn 3T0M 

k 
a=l 

Cjie^OBaTejibHO, Jiebaa nacTb cooTHomeHHa (2.18) aannnieTca KaK 

MTO flOKasbiBaeT 4)opMyjiy (2.18) npn 

A = JK{27r)K (2.46) 
HpoBepHM Tenepb paBencTBO (2.19), KOTopoe mojkho aanHcaib b bh^b 

{{F, F))^ J d(5p{(5){F, e'^'^^^^^^^'^F). (2.47) 

Ho 4)opMyjie (2.35) 

(i.,e^E„ WV) = J(27r)^n^(^'')((/'/))' 

b 

ecjiH F = rjf . CjieflOBaxejibHO, npabaa nacTb paBencTBa (2.47) HivieeT bh^i; 

JX(27r)V(0)((7J)) 
H fleficTBHTejibHO coBna^aeT c jieBoii nacTbio. JleMMa 2.10 ;i;oKa3aHa. 



3 FayccoBCKHe h KBasnrayccoBCKHe 4)yHKii,HH 

FayccoBCKHe h KBaanrayccoBCKHe c|)yHKn,HH HacTO HcnojiBsyiOTca b KBanTOBoii leopHH 
CHCTeM CO CBaaaMH. Hccjie^yeM hx CBoiicTBa. 
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3.1 OopMyjiHpoBKa pesyjibTaTOB 

By^eM HasbiBaTb c|)yHKii;Hio / e S'(M") BH^a 

n 

/(0 = cexp[^^6A^], (3.1) 

ij=l 

rfle c — HeKOTopaa KOHCTanTa, c 7^ 0, Aij — CHMivieTpHMiiaa MaTpHii;a c nojioiKHTejibHO 
onpe^ejieimoM miihmoh nacTbio (ImA > 0), zayccoecKou (fiyuKv^ueu. 

06o3HaMHM Mepea Ai'^ KOMnjieKCH4)Hii;HpoBaHHoe 4)a30Boe npocTpancTBO — 
KOMnjieKCHoe jiHHeiiHoe npocTpancTBO Bcex Ha6opoB 2n KOMnjieKCHbix mhcbji 
{Pi, PniQi, ...,Qn) c KOCOCKajiapHbiM npoH3BefleHHeM (2.1). B TeopHH chctcm 
6e3 CBfl3eH JI1060H rayccoBCKoii (J)yHKn,HH mo^kho conocTaBHTb KOMnjieKCHbm pocTOK 
MacjiOBa [10,11] — jTHHeiiiioe no;i;npocTpaHCTBO r{A) e A4'^, cocToamee h3 Bcex BeKTopoB 
Y, y;i;oBJieTBopaioiii;HX CBOHCTBy 

Q{Y)f = (3.2) 
(3flecb onepaTop ^{Y) hmcgt bh^ (2.2)). 

JXjIH CHCTeM CO CBfl3flMH paBBHCTBO (3.2) MOJKHO nOHHMaTb flBOHKO: B CMblCJIB npO- 

CTpancTBa <S'(R"') h b CMbicjie npocTpancTBa Ti.. BBe^eivi no3TOMy nonaTHa S-pocrriKa h 
H -pocrriKa. 

HaaoBeM KOMriAeKcituM S -pocniKOM Macjioea r{A) Miio>KecTBO Bcex Y e M.^, TaKHx, 
WTO paBGHCTBO (3.2) BbinojiHeHO B CMbicjie npocTpancTBa 5'(]R"). 

PaccMOTpHM Tenepb paBencTBO (3.2) b CMbicjie npocTpancTBa Ti,. Cjie^yeT OTMCTHTb, 
HTO corjiacHO jieMMe 2.5 onepaTop ^{Y) onpe^ejien TOJibKO npn Y e (vC^)^-*-^ (3^ecb 
£^ — K0MnjieKCH4)HKaiiHa no;i;npocTpaHCTBa <Z 4^a30Boro npocTpancTBa) . Kpoivie 
Toro, B npocTpaiiCTBe Ti iieiiyjieBaa 4)yHKii;Ha Vt{Y)f MO>KeT 6biTb SKBHBajieHTna nyjiio, 
ecjiH HMeeT nyjieByio HopMy. IlpHxoflHM k cjieflyiomeMy onpeflejienHio. 

Ha30BeM KOMHAeKCHUM H-pocruKOM MacAoea 'r{A) MHOJKecTBO Bcex Y e {C^)^-^^ , 

TaKHX, HTO 

n{Y)f ~ 0. (3.3) 
Hccjie^yeM CBoficTBa <S'-pocTKa h i?-pocTKa. 

MHorwe CBOHCTBa S'-pocTxa aHajiorHMHbi cjry^iaio CHCTeM 6e3 CBaaeH. 
JleMMa 3.1. 1. KoMTiAeKCHUu S-pocmoK MacAoea r{A) neAnemcH n-MepnuM nod- 
npocmpaHcmeoM M'^, cocmoH'tit^UM U3 eeKmopoe 

r(A) = {(p = ^g,g)|geC"}. 

2. r{A) ydoeAemeopHem ceoucmeaM: 

YeriA), r^o^i<r,r*»o. 

Y2 e r{A) ^< Fi, F2 >= 0. ^""^ ^ 

/loKaaaTejibCTBa jigmm npHBo;i;aTca b nyHKTax 3.2 h 3.3. 

KaK noKa3biBaeT jieMMa 3.1, na (S-pocTKe r{A) mojkho bbbcth nojiojKHTejibHO onpe- 
flejieHHoe CKajiapnoe npoH3BefleHHe j <Yi,Y2 >. 
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06o3HaHH]vi nepea B : r{A) — > C" h C : r{A) — C" OToSpajKeHna, npoeKTHpyioiuHe 
(S-pocTOK Ha HMnyjibCHoe h KOop^HHaTHoe no^npocTpancTBa; ohh conocTaBJiaiOT BexTopy 
Y = (P, g) e r{A) BeKTopbi BY ^ P mCY ^Q. 

JleMMa 3.2. Uycmb n-Mepnoe nodnpocmpaHcmeo r C M'^ ydoeAemeopHem ceou- 
cmeaM (3.4)- Tozda: 

(a) npocmpaHcmeo JA"^ pacnadaemcn e npHMyto cyjujuy 

M^^r + r*; rnr* = {0}. (3.5) 

(6) omodpaoiceHue C : r ^ C"" eaauMHO odHOSHauHo; 

(e) r HeAHemcH KOMnAencHUM S-pocrriKOM MacAoea Sam neKomopou zayccoecKou 
^yuKv^uu (3.1), Komopan onpedeAHemcH odnosHauHO c moHHOcmbH) do KOHcmaHmu c; 
npu amoM A — BC~^ . 

Hcnojibsya noHSTHe S'-pocTKa, mo>kho nojiy^HTb 4)opMyjiy ;i,Jia KBa^paTa HopMbi rayc- 
coBCKoii 4)yHKij;HH (3.1). HycTb r{A) — 5'-pocTOK, OTBenaiomHH rayccoBCKoii 4)yHKn,HH 
(3.1); paccMOxpHM ero noflnpocTpancTBO BH^a 

tM) = r{A) n (4)<^>. 

Hepe3 r-{A) o6o3HaHHM opToronajibHoe flonojineHHe k r±{A) OTHOCHTejibHO CKajiapnoro 
npoH3BefleHHa \ kYi^^Y^ > . 

JleMMa 3.3. 1. JIio6ou eenmop X & Ck odHoanaHHO npedcmaeuM e eude cyMMU 

X^X_ + X1; X_er_(A); 

2. CnpaeedAueu ceoucmea 

dim r±{A)=n — k; dim r-{A) = k. 

3. Omo6paMceHue k-Mepnux npocmpaHcme P- : ^ r-{A), onpedeACHHoe no ^opjuyAe 
P-X = X_, HeAHemcH AuneuHUM u eaauMHO odnosHaHHUM. 

OnpeflejiHM noHaiHe aKo6HaHa jiHHeiiHoro OTo6pajKeHHa jiHHeiiHbix npocTpancTB cjie- 
flyiomHM o6pa30M. HycTb JC m C — ^Ba jiHHeiiHbix /c-Mepnbix npocTpancTBa c MepaMH 
d/ji H d/ji', HHBapnaHTHbie OTHOCHTejibHO c^BHroB; P : L ^ CI — jiHHefiHoe B3aHMH0 o^ho- 
3HaHHoe OTo6pa>KeHHe sthx npocTpancTB. IlycTb b neKOTopbix KOopflHnaTax (xi, ...,Xfe) h 
(x'l, x'^) Mepbi HHTerpnpoBaHHa hmgiot bh^: 

d^b — Jdx\...dxk\ dpi — J'dx\...dx'j^, 

a onepaTopy P OTBe^aei MaTpHn,a Pij. Ha30BeM aKoSHanoM OTo6pa>KeHHfl P BejiHHHny 

A(P) = \detP\^-^. (3.6) 

JleMMa 3.4. OnpedeAenue HKo6uaHa (3.6) ne aaeucum om eu6opa cucmeMU Koopdu- 
nam. 

Cc|)opMyjiHpyeM lenepb pe3yjibTaTbi, KacaiomHeca CKajiapnoro npoH3BefleHHa ((/,/)). 
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JleMMa 3.5. 1. /Jam {f,f) cnpaeedAueo paeeHcmeo 

(/,/) = (27rr/2|crA(C). 

2. /^AH ((/,/)) eunoAHCHU coomHomeHUH 

((/,/)) = /^^rf/i(X)e-A<^-^'(^-^)*>(/,/); 
((/,/)) = (2vr)^|cP^. 



h±!l I lo Arc") 

(3.7) 



Ha jieMMbi 3.5, B nacTHOCTH, BbiTCKaeT, hto / 7^ 0. 

SaMenanue. B KOopflHHaTHoii aanHCH 4)opMyjia fljia ((/, /)) cymecTBenHO ycjioJKHHeT- 
ca. T^eiiCTBHTe.rrbHO, ecjiH bbbcth BBeCTH 
no (J)opM}\jTe (2.6) KOop;i;HHaTbi na jCk, aanncaTb no c|)opMyjie (2.7) Mepy HHTerpHpoBanna 
H BOcnojib30BaTbca (2.8), to nojiyHHM 

rfle MaTpHn,bi M n K hmbiot bh^ 

Ma, = ^E^l[^f Qf - Qf\AQ(%], a,b = T;kr, 
K,, = i(A - A*),, + ELiI^^'^^ - ^2^''^].^aV[^^'^ - ^2^'^].- 

OopMyjibi (3.7) snaHHTejibHO KOMnaKTnee h hmgiot aBHbiii reoMeTpn^ecKHii cmmcji. 

Hccjie^yeM Tenepb CBoncTBa if-pocTKa, KOTopbie OKasbiBaiOTca ivienee TpnBnajibHbiMH 
no cpaBHennio c yTBepiKflennaMH jicmm 3.1 n 3.2. 

TeopeMa 3.1. 1. KoMUAeKCHUu H-pocmoK MacAoea ^^{A) HOAHemcH n-MepnuM nod- 
npocmpaHcmeoM M'^, npedcmaeuMUM e eude npHMOU cijmmu 

f{A) = r^{A)+Cl rx(A)n4 = {0}. 

2. f{A) ydoeAemeopfiem ceoucmeaM 

y e £C ^ Ye f{A); ]<Y,Y* >= 0; 
Y e f{A), Y ^ i < r, r* » 0; (3.8) 

Y^,Y2ef{A) ^ <Vi,y2>=o. 



H3 TeopeMbi 3.1 BbiTexaeT BaiKHoe 

Cjie^CTBHe. IJycmb Y e A4. Tosda ^{Y)g ~ npu ecex g e 5'(R") mosda u moAbKO 
mosda, Kosda Y e Ck- 

^ocTaTOHHOCTb /toKasbiBajiacb Bbime ((J)opMyjia (2.11)); ^jia ^OKaaaTejibCTBa Heo6- 
xoflHMOCTH ^ocTaTonno aaMeTHTb, hto Y G f{A) npn Bcex A, no, nocKOJibKy Y = Y*, 
cnpaBefljiHBO cbohctbo < Y,Y* >— nY & C^. 

TeopeMa 3.2. 1. Uycmh n-Mepnoe npocmpaHcmeo f e Ai'^ ydoeAemeopHem ceou- 
cmeaM (3.8). Tosda: 

(a) cnpaeedAueu ceoucmea: 



22 



(6) dAH HeKomopoii sayccoecKou ^yHK%uu f = f(A). 
2. /(am deyx HenyAeeux zayccoecKux ^yuK'nuu 

fiiO = cie^*^- ^'^^^ , /2(0 = C2e^'^ ^'^^^ 

KOMUAeKCHue H-pocmKU MacAoea coenadawm (f{A^^^) = f{A^'^^)) mosda u moAtno mo- 
sda, Kosda Sah Henomoposo hucaoboso MHOotcumeAH c cnpaedeAueo ceoucmeo fi ~ c/2. 

Otmcthm, hto flOKaaaTejibCTBO BToporo yTBepjKeHna onnpaeTca na nojinoTy KBaan- 
rayccoBCKHx (jDyHKn;HH (TeopeMa 3.3). 

Hccjie^yeM Tenepb o6o6meHHyio 4^yHKii,Hio F = 77/ G S{M."',Ck), OTBe^aiomyio no 
4)opMyjie (2.13) rayccoBCKOii (|)yHKn,HH (3.1). OKaabiBaeica, mto ecjiH noflnpocTpancTBO 
Ck OflH03HaHHO npoeKTHpyeTca na KOopflnnaTHoe noflnpocTpancTBO, 4)yHKn,Ha F laKJKe 
HMeeT rayccoBCKHH bh^ 

F{^) ^ ce^^iJ^'^'^^^. (3.9) 

HpH 3T0M HHCJIO C H MaTpHIIV A MOJKIIO BLipaSHTL. HCpeS 5*— H H— pOCTKH. 

06o3HaHHM Hepea B : f{A) —^C^mC: f{A) C" OTo6pa>KeHHa, npoeKrapyiomHe 
i?-pocTOK na HMnyjibcnoe h KOopflHnaTHoe noflnpocTpancTBa, a nepea 11 : f{A) — > £^ 
— OflHoanaMHO onpeflejienHbiii no TeopeMe 3.1 onepaiop npoeKTnpoBanna na BflOJib 
r±{A): OH conocTaBJiaeT BexTopy Y e f{A) BTopoe cjiaraeMoe b paajiojKenHH Y — Y^-\- 

06o3nanHM nepea V- : f{A) r{A) onepaiop snfla: 

V-Y^Y, yerx(A); 

V-Y^P^Y, YeCk- ^ ^ 

JleMMa 3.6. Uycmb nodnpocmpaHcmeo Ck odnosHaHHO npoeKmupyemcH na Koopdu- 
HamHyw nAOCKOcmb, mo ecmb 

{V,Q)eCk, Q = ^ V = Q. 

Tosda: 

(a) omo6paMceHue C eaauMHO odnosHaHHo; 

(6) (fiynKV^UM F{^) uMeem eud (3.9), npuueM A = BC~^ ; 

(e) dAH c cnpaeedAuea Aio6aH U3 (popuyA: 

B (J)opMyjiy (3.11) bxo^ht KBaflpainbiii Kopenb na ^eiepMnnanTa onepaiopa 
IIC~^CP- : £^ C^. HpoSjieivia Bbi6opa anaxa Kopna (anajTornnnaa npo6jieMe onpe/ie- 
jienna nn^eKca Macjiosa) MO>KeT 6biTb peniena cjieflyioiu,nM o6pa30M. PaccMOTpnM ^acT- 
Hbiii cjiynaii, Kor^a no^npocTpancTBO Ck coctoht na BCKTopoB BH;i;a X = (V = 0, Q E 
Ck C M"), a MaTpHn;a A hhcto MHHMaa: A* — —A. Tor^a paajioiKenHe X — P_X+{P_X)* 

HMeeT BHfl 

(0, Q) = hAQ, Q) + h-AQ, Q). 
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Cjie;iOBaTe.™-io, P-(0, Q) = Q), tbk hto CP_(0, Q) = iQ. OTCio^^a 

C^^CP-{0,Q) = (0, h 3T0T BeKTop yjKe npHHa^jie^KHT jC^". TaKHM oSpaaoM, 
IIC~^CP- = |; npo6jieM c Bbi6opoM anaKa KBa^paTHoro Kopna ne B03HHKaeT. B o6iii;eM 
me cjiynae BeiBb KopHH mojkho Bbi6paTb no nenpepbiBHOCTH. 

ripoHjiJiiocTpHpyeM nojiyneHHbie (J)opMyjibi na o^HOMepnoM npHMepe. 

HycTb n = 1,/c = 1, no;inpocTpaHCTBO Ci HaTaHVTO na bcktop X = {V,Q), 
L\ = {a{V, Q)}, iviepa HHTerpnpoBaHHsi na Ci HMeeT bh^i; da. PaccMOTpHM rayccoBCKyio 
4)yHKii;Hio 

Tor^a S'-pocTOK h if-pocTOK hmbiot bh^ 

r{A) = {{A(3, (3)}, f{A) = {{Va, Qa)} = {aX}, 

Tax HTO A — V/Q. HpH 3T0M OpTOHOpMHpOBaHHblH 6a3HC Ha yS-pOCTKe COCTOHT H3 OflHOrO 
BCKTOpa 



A- A* '\IA-A 

HocKOJibKy 
r^e 

1 



onepaTop P_ HMeei bh^ P^[aX) — aXZ. CjieflOBaTejibHO, 



HenocpeflCTBeHHoe BbinncjieHHe flaei 



A-A*^Q ' ' 



H no c|)opMyjie (3.11) 



lAI Va-A*^Q 



Hccjie^yeM BajKnbiii nacinbin cjiynaii Q — > 0, = const, A — i. Tor^a |A| ~ V/V^, 



. \'P\ V\Q\ 

TaK MTO 

p ~ _^ ^ p ' 4 a p 2 
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HpH V / Q — >^ (i)yHKii;Ha F CTpeMHTca k ;i;ejibTa-(i)yHKii;HH: 

KOTopaa OKasbiBaeTca, xaKHM oSpasoM, npe;i;ejTL,HbiM cjiynaeivi rayccoBCKOH 4^yiiKn;HH 
(3.b4). Ha paccMOTpeHHoro npHMepa bh^iio, hto ;i;jt5i Bi.ipo>Kji;eiiiioro c.rry^iaii, Kor;i;a 
noflnpocTpancTBO C}. HeoflHoanaHHO npoeKTHpyeTca na KOop/],HHaTHoe no^npocTpancTBO, 
c|)yHKn,Hfl F He HMeei BH^a (3.b4), ho MOJKeT 6biTb HpeflCTaBjiena KaK npe^eji 4)yHKn,HH 
(3.b4). 

Hcnojibaya rayccoBCKne (J)yHKii;HH / h onpeaTopu ^{Y), mojkho nocTpoHTb MHOJKe- 
CTBa, njiOTHbie b Ti. HycTb / — rayccoBCKaa (J)yHKLi,Ha (3.1). 

TeopeMa 3.3. 1. MHOotcecmeo ecex kohehhux auheuhux K0M6uHa%uu (pyHKv;au 

e^^(^)[/], re£<^> (3.12) 

o6pa3yem nAomnoe e 7i MHOotcecmeo. 

2. MuoMcecmeo ecex KoneuHux AuneuHux K0M6uHav^uu ^yuKv^uu 

n{Y*)..n{Y;)[fi ef*(A). (3.13) 

riAomHO e Ti. 

By^eM HasbiBaTb KOHennbie jiHHefinbie KOMSnnai^HH sjieivieHTOB H, (3.13), r^e p < s, 
KeasuzayccoecKUMU eenmopaMU pama s. B ^ajibHeiinieM HaM noTpeSyeTca cjie^yiomee 
yTBepjKfleHHe. 

JleMMa 3.7. Ha MHOotcecmee neaamayccoecKux eenmopoe s-so pama cnpaeedAueu 
ceoucmea: 



\\n{Z)g\\<y^J\<Z,Z*>\\g\\, 



\\n{Z*)g\\<V^^^<Z,Z* >\\g\\, 

Z e f{A). 

3.2 ^OKasaTejibCTBO cbohctb KOMnjieKCHoro pocTKa MacjiOBa 

JJoKasameAbcmeo acmmu 3.1. HycTb Y = (P,Q). HenocpeflCTBennbiM BbiMHCJieHHCM no- 
jiy^aeM, mto 

n 

i=i 

HpH 3T0M CBoiicTBO (3.2) BbinojiHeHO Tor^a h TOJibKO Torfla, Kor^a P = AQ. HpoBepHM 
CBOHCTBa (3.4): 



-<¥,¥'>=- 
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/loKasameAhcmeo aemmu 3.2. Hpn F G r fl r* HMeeM < F, F* >= 0, hto bosmojkho 
jiHinb npH Y = {0}. CjieflOBaTejibHO, no^npocTpaHCTBO r + r* C M.'^ sBJiaeTca 2n- 
MepHbiM, Tax HTO r + r* — M'^. 

ripe^nojiOiKHM, HTO OTo6pajKeHHe C ne aBjiaeica BsaHMHO o^HoaHaMHbiM, m Y — 
(P, Q = 0) E r ^jia HeKOToporo P 0. Ho Tor^a < Y, Y* >— 0, hto bo3mojkho jinnib 
npH P = 0. HpoTHBopeHHe. 

H3 BSaHMHOH 0^H03HaHH0CTH C BblTCKaeT, HTO 

r = {{BY, CY)\Y e r} = {{BC-'Q, Q)\Q e C"}. 

C flpyroii CTopoHbi, no flOKaaanHOMy b jieMMe 3.1 ^(^4) = {(AQ,Q)\Q G C"}. Oiciofla 
cjie^yeT, hto r = f(A) Tor^a h tojibko Tor^a, Kor;i,a A = BC~^. 

/(oKaaameAbcmeo aemmm 3.3. Ho JieMMe 3.2, jiioSoh bbktop X E Ck o^HoanaHHO 
npe^CTaBJiaeTca b bh^g 

X = X_ + X+, X_ e r{A), X+ e r*{A). (3.14) 

Conparaa sto paBencTBO, nojiy^HM 

X = + X!, X* e r{A), X*_ e r*(A). 

H3 oflHoanaMHOCTH npe/i,CTaBjieHHa (3.14) naxo^HM, hto X^ — X^. HpoBepHM, mto X_ G 
r_(A). /^Jia 3Toro ^ocTaTOHHO ycTanoBHTb, hto 

Yer±{A) ^ <X*_,Y>=0. (3.15) 

/Jjia npoBepKH CBoiicTBa (3.15) flocTaioHHO saMeiHTb, hto h3 (3.14) h (3.4) BbiieKaeT 
< X,Y >=< X*,F >; CBOHCTBO >Ke < X,Y >— cjie^yeT h3 F e rx(^). IlocjieflHee 
yTBepjKfleHHe jigmmbi npoBepeno. 

Onpe^ejiHM OTo6pa5KeHHe P_ no 4)opMyjie P-{X + iX') = X_+iX'_. Ero jinnennocTb 
oneBHflna. YcTanonnM ero BsanMnyio oflnoanannocTb. HpeflnojioJKHM, hto fljia neKOTopbix 
X, X' e £fe OKaaajiocb X_ + iXi = 0. Tor^a X*_ - iX*_ = 0, n 

< X,X' >=< X_,X'* > + < X*_,X'_ >= -2i < X'_,X'* > . 

Cbohctbo H30TponnocTH < X,X' >= MOJKGT 6biTb Bbinojineno, ecjin tojtbko < 
X'_,X'* >= 0, HjiH X'_ = 0, HTO oananaeT X_ = 0, X = 0, X' = 0. Tgm caMbiM 
npn X e C'^ us P-X = BbiTCKaeT X = 0. 

JJpKayKeu BTopoe yTBepjK^enne jieMMbi. IlycTb X^^\ X^'^^ — 6a3HC na C^. Tor^a 
Y e f±(A) Tor^a n TOJibKO Tor^a, Kor^a 

uj^{Y) =< X^''\Y >= 0. (3.16) 

Jlnnennbie 4)opMbi 0Ji,...,ijJk, 3aBHcani;ne ot F G i^i^), Jinneiino nesaBHCHMU. J\emcTBii- 
TGJibno, npe;i;nojio>KHM npoTnBHoe. Tor;i;a ^iJia neKOToporo X E < X,Y >= fljia 
Bcex Y e r{A), hto oananaeT < {P_X)*,Y >= n < (P_X)*,F* >= 0, cjieflonaTejib- 
no, BCKTop (P_X)* KOCOopToronajien BceMy npocTpancTBy n paBen no3TOMy nyjiio. 
Oiciofla BbiTCKaeT X — 0. 
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/locTpoHM HaSop uji,...,ujk flo 6a3Hca ui, ...,ujn Ha npocTpaiiCTBe jiHiieiiiiux 4)yHKii;H- 
OHajioB Ha r{A). PaccMOTpHM 6a3HC y^^\ ■■■,y^^^ na r{A), y;i;oBJieTBopaioiii;HH CBoficTBy 
i^i{y^^^) — ^ij', Tor^a < X^^\y^^^ >— Saj. CjieflOBaTejibHO, no^npocTpancTBO r±{A) sbjis- 

eTCfl JIHHeiiHOH o6oJIOHKOH BeKTOpOB -Mepno; ero opToronajibHoe 

flonojineHHe OTHOCHTejibHO CKajiapHoro npoHSBe^eHHa j < ^1,^2* aBjiaeica fc-MepnbiM. 
CjieflOBaiejibHO, P_ — BsaHMHO oflHoanaMHoe OToSpajKenHe /c-Mepnbix npocTpancTB. JleM- 
Ma nojiHOCTbK) flOKaaana. 

/JoKasameAbcmeo aemmm 3.4- Hpn npeo6pa30BaHHH KOop^nnaT 

X = Ux, x' = U'x' 

BejiHHHHbi J VI J' VI MaTpHii;a P nepexo^aT b 

J = J\detU\-^, J' = J\detU'\-\ P = U'PU-\ 

Cjie^OBaTejibHO , 

A(P) = |rfetP||^ = A(P), 

MTO flOKasHBaeT KoppeKTHOCTb onpe^^ejieHHa. 

JJoKasameAhcmeo acmmu 3. 5. Cna^ajia aBHbiM BbiHHCJienHeM rayccoBCKoro HHTerpajia 
nojiyHHM 

(/,/) = (27rr/^|c|2^^=. 

^/^^ 

Bbg^bm Ha 5'-pocTKe r(A) Saanc Z^^\ Z^"\ opTOHopMHpoBaiiiibiH OTiiocHTejibHO CKa- 
jiapHoro npoH3BefleHHa i < Z,Z* >. 06o3HaHaa Z^"^^ = (P^^^^ Q^^'*), B^^ = 
Ck-y — Q^k \ aauHineM ycjiOBne opTonopMHpoBaHHOCTH b bh^b 

L 

k=l 

HJIH B MaTpHHHOH 4)0pMe 

-{C+B-B+C) = 1. 
i 

HocKOJibKy A — BC~^ , HMeeM 

A-A+^ BC'^ - {BC-^y = C-^+(C+S - B+C)C-'^ = i(CC+)-\ 
H3 cooTHomeHHa 

A(C) = \detC\ 

BbiTexaeT, hto 

det^—^ = \detC\-'' = [A(C)]-2. 
i 

OTCio^a HOJiynaeM nepBoe yTBepjK^eHne jieMMbi. 
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J\jia flOKaaaTejibCTBa BToporo yTBep>K/i,eHHa Bocnojibayeivica ^opuyjiom (2.5). Hcnojib- 
3ya jieMMy 3.3, aannmeM onepaTop ^{X), X e Ck, b BH;i;e 

n{x) = o(p_x) + o((p_x)*). 

Hcnojibsya 4)opMyjibi h3 JieMMbi 2.1, aannmeM 
HocKOJibKy Q(P-X)f — 0, nojiynnM 

ripHxoflHM K nepBoii c|)opMyjie (3.7). BbiMHCJiaa rayccoBCKHii HHTerpaji, nojiyHaeM BTopyio 
4)opMyjiy. 

JJoKasameAhcmeo meopcMU 3.1 pa3o6beM na necKOJTbKO jicmm. 

JleMMa 3.8. CnpaeedAueu ceoucmea r^{A) C f{A) u G f{A). 

/J^OKasameAbcmeo. HycTb Y G r±{A). Torfla cooTHomenHa (3.2) h (3.3) BbinojineHbi, 
H y e ^(^)- HepBoe CBoiicTBO npoBepeno. Biopoe cbohctbo BbiTeKaei h3 ycTanoBjieHHoro 
panee cooTHomeHna (2.11). 

JleMMa 3.9. CnpaeedAueu ceoucmea: 

Y,,Y2ef{A) <Y,,Y2>^0, 

Y ef{A),Y ef*{A) =^ i<y,y*>=o, (3.17) 

Y e f{A), Y ^ f*{A.) =^ \<Y,Y* » 0. 
/I^OKasameAbcmeo. HycTb Yi,l2 G f{A). Tor^a 

n(Y,)n{Y2)f ~ 0, n{Y2)n(Y,)f ~ o. 

Oiciofla 

[fi(Fi),n(r2)]/~o, 

HTO 03Ha^aeT < Yi,Y2 >= 0, nocKOJibKy / ~ 0. HepBoe yTBep>KfleHHe jigmmbi flOKaaano. 
EpH Y e f(74) H y* e f(A) (Tax KaK y e f*(A)) OTCiofla nojiynaeM < Y,Y* >= 0. 
HycTb, HaKOHen;, Y e r(A), ho y* ^ ^(^4). Tor^a Q(y*)/ 7^ 0, hto oananaeT 

((O(y*)/,o(y*)/))>o, 

HJIH 

((/,n(y)n(y*)/))>o. 
((/, [0(y)0(y*)]/)) > 0, 

HTO oaHanaeT j < Y,Y* >> 0. JleMMa flOKaaana. 

JleMMa 3.10. 1. UepeceueHue r±{A) n £^ cocmoum U3 odnoso hijam. 
2. npocmpaHcmeo f{A) He 6oAee hem n-Mepuo. 
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3. CnpaeedAueo pasAOCHceHue e npsiMym cyMMy 

4- IlepeceHeHue f{A) r)f*{A) coenadaem c >C^. 

/J^OKasameAbcmeo. riycTb Y G Ck. Tor^a no jieMMe 3.8 HMeeM Y e f{A) h F* G 
f{A). CjieflOBaTejibHO, < Y,Y* >= no jieMMe 3.9. C flpyrofi CToponbi, npn Y G r±{A) 
paBencTBO <Y,Y* >= mojkgt BbinojinaTbca tojibko npn Y = 0. HepBoe yTBepjK^enne 
jieMMbi flOKaaano. Ha nero BbiTeKaeT, hto npocTpancTBO r±{A) + £^ C f{A) sBJiaeTca 
n-MepnbiM. BBefleM na neM 6a3HC no JieMMe 3.9 nojiy^HM, mto ^jih Bcex 

Y G r{A) Bbinojinenbi cooTnomenna 

<Z(T\y>=0, 7 = V^. (3.18) 

Ho n ypaBHennn (3.18) 3a;i;aiOT n-Mepnoe no;i;npocTpaHCTBO 2n-MepHoro npocTpancTBa 
M.'^. Ho3TOMy dimf{A) < n. HocKOJibKy n-Mepnoe no^npocTpancTBO r±{A) + £^ C f{A) 
yjKe nocTpoeno, ono coBnaflaei c f{A). Biopoe n ipeibe yTBep^K^enne flOKaaanbi. 

/loKajKeM HeTBepToe yTBepjKflenne. BKjnoHeiiHe C f(A) nf*{A) BbiTeKaeT h3 jieM- 
Mbi 3.8. HpoBepHM o6paTHoe. HycTb Y G f{A) n F G f*{A). Tor^a no jieMMe 3.9 

< Y, Y* >= 0. 

SannmeM Y ^ X + Y±, rji^e X e C^, Y^ e r^{A). Torna 

< Y, Y* >=< Y±, Yl > . 

CjieflOBaxejibHO, < Y±, Y* >— 0, mto oanaHaei Y± — 0, hjih Y G C^. JleMMa nojinocxbio 
flOKaaana. 

Ha jieMM 3.8 - 3.10 BbiTeKaeT yTBepjKflenne TeopeMbi 3.1. 

/^OKasameAbcmeo nepeozo ymeepMcdeuuH meopeMU 3.2 TaKme pa3o6beM na necKOJib- 

KO JieMM. 

JleMMa 3.11. Uycmh n-Mepnoe nodnpocmpaHcmeo f C Al*^ ydoeAemeopHem ceou- 
cmeaM (3.8). Tozda: 

1. CnpaeedAueo ceoucmeo f + f* C 

2. nepeceueHue f fl f* coenadaem c C^. 

3. IIpocmpaHcmeo f + f* ne Menee hem 2n — k-Mepno. 

/^OKasameAbcmeo. HocKOJibKy £^ C r no nepBOMy CBoncTBy (3.8), h3 TpeTbero cboh- 
CTBa (3.8) nojiy^iaeM, hto f C {C^)^^^ . AnajiornHHO, f* C {C^)^^^ . Oiciofla nojiy^aeM 
nepBoe yTBepiKflenne. 

/Jjia ;i;0Ka3aTejibCTBa BToporo yTBepjK^^enna aaMeiHM, hto C f, C f*, no3TOMy 

C fnf*. HpoBepHM o6paTHoe BKJUonenne. Hpn y G f n y* G f HMeeM < Y,Y* >— 0. 
Cjie^OBaiejibHO, no BTopoMy CBoiicTBy (3.8) Y G C^. Biopoe yTBepjKflenne ;i;oKa3aHO. 

^jia npoBepKH TpeTbero yTBepjK^enHa BBe^eM 6a3HC na Ck. /JonojiniiM 

ero flo 6a3HCOB (A'«, X^^\y^^\ ...,y^''-^^) 

HoKa»;eM, mto BeKTopbi X^''\y^^\ ...,y^'^~''\y^^^* , ...,y^"-^'^^* , npHHaflJie:acamHe 

f + f*, Jinnenno He3aBHCHMbi. Hpe^nojiOiKHM npoTHBHoe; Tor^a ^Jia neKOTopbix 

07 7 
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BbinojiHSJiocb CBoiicTBO Yl + Y+ = 0. OTCK);i;a e C^, hto osHanaeT K|_ = 0. Cjie;i;oBa- 
TejibHO, y_ = 0. Ha jiHHeiiHOH neaaBHCHMOCTH CHCTeMbi 2n — k BexTopoB BbiTexaeT TpeTbe 
yTBepjK^eHHe jieMMbi. 

riocKOJibKy f+f* C (vC^)^"*"^ — He Menee mbm 2n — /c-Mepnoe noflnpocTpancTBO 2n — k- 
MepHoro npocTpancTBa, h3 jieMMbi 3.11 BbiTeKaeT 

Cjie^CTBHe. £^ = f + f*. 

TaKHM o6pa30M, nynKT la TeopeMbi 3.2 ;i;oKa3aH. 

JleMMa 3.12. Ilycmb n-Mepnoe nodnpocmpaHcmeo f C M'^ ydoeAemeopHem ceou- 
cmeaM (3.8). Todda f — f{A) Sah HeKomopou sayccoecKou ^yHKi4uu. 

/loKaaameAhcmeo. Hoctpohm ncKOMyio rayccoBCKyio 4)yHKiiHTO cjTe;i,yTOTn,HM o6pa30M. 
HycTb — KajinSpoBOMHaa njiocKOCTb ^jia Ck- Torfla no jigmmg 2.8 jiioSoh 3JieMeHT 
Z E f OflH03HaHHO npe^CTaBJiaeTca b BH;ie cyMMbi 

Z^X + Y + Z^, 

r^e X e jC^,Y e g^, Zi_ <±> H Z^ <±> g^. npH 3tom < X',Z >= O p^Rii Bcex 
X' & OTCiofla < X' ,Y >— Q viY — Cjie^OBaTejibHO, 

Z = X + Z^. 

TeM caMbiM i?-pocTOK f pacna^aeTca b npaMyio cyMMy 

r = >C^ + r±, 

npHHCM f±_ KOCoopToronajibHO a CKajiapnoe npoH3Be;i,eime ^ < Z,Z* > na f± nojio- 
jKHTejibHO onpe^ejieno. Bse^eM na Ck Saanc na f± — opTOHopMHpoBaHHbiii 

6a3HC Z^^\ Z^^~''\ na gk — 5a3HC y^^\ ■■■,y^''\ yflOBjieTBopaiomHii CBoiicTBy (2.16). 
Torfla 

< A'(^) >= 0, < y^^\ y'-''^ >= 0, 

< 3^(*) >= Sab, < x'^''\z^p^ >= 0, 
< , z(^) >= 0, i < z^") , z^'^)* >= 5pa. 

HocTpoHM n-MepHoe npocTpancTBO r, HaTanyToe na BeKTopbi Z^^\ Z^'^~''^ h 
W^^\ >V(^) BHfla >V(") = ^('^^"^ - iy^'''^)- Torfla 

- < W(^\W(^> >= Sab, < W^"), Z^")* >= 0. 

Cjie^OBaTejibHO, r y^OBJieTBopaeT ycjiOBHaM jieMMbi 3.2 h ^Jia HeKOTopoii rayccoBCKofi 
c|)yHKii;HH (3.1) aBJiaeTca 5'-pocTKOM 

r = r{A). 

npn 3T0M r±{A) — f; cjie^OBaTejibHO, f = r{A). JleMMa 3.12 ^0Ka3aHa. 

HepBoe yTBepjK^eHHe TeopeMbi 3.2 ^0Ka3aH0. BTopoe yTBepjK^eHne ^0Ka3biBaeTca b 
nyHKTe 3.3. 

/loKasamejihcmeo acmmu 3.6. 
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/Jjia npoBepKH BsaHMHoii o^iiosiiaHHOCTH OToSpajKenHa C npe;i;nojio>KHM npoTHBHoe. 
HMeHHO, nycTb bcktop ^ — ( ^ ) npHHa^JiejKHT f{A). Torfla < Y,Y* >— 0, h no 



^ ^ 

TeopeMe 3.1 Y e jC^, hto npoTHBopennT ycjiOBHio jieMMbi 3.6. 

^jiH npoBepKH (J)opMyjibi (3.9) y;i,o5HO sanHcaTb 4)opMyjiy (2.13) b KOop^HnaTHOM 
BHfle. nycTb - 6a3HC na A, ai, ...,ak — KoopflHHaTbi na Ck BH^a 

X = ^q;„A'(«), XejCk, (3.19) 

a 

a 

dii{X) = Jdai-.-da^. 

Tor^a 

F = jy dai...dafee*S<'"'^^('^"'^V- (3-20) 
HpH = (T'^"^ Q^"^) H /(^) rayccoBCKoro BH^a (3.1) BOcnojibsyeMca 4)opMyjiOH (2.3): 

Henocpe^CTBeHHoe BbinHCJienne rayccoBCKoro HHTerpajia (3.20) ^aei 
rfle 

ab 



3 ij 



CjieflOBaTejTbHO, (J)yHKn,Hfl F /i,eHCTBHTejTbHO HMeex bh.t, (3.9). 

yKaaaHHbie BbiMHCJiennfl KoppeKTHbi, ecjin TOJibKO MaTpHn,a Mab oSpaTHMa. jloKa- 
JKCM 3T0. ripe^nojiojKHM npoTHBHoe: nycTb ^Jia neKOToporo Ha6opa ai, .., cnpaBe^jiHBO 

CBOHCTBO MabOlb — 0. Tor^a BCKTOp 

Eb Q''^<^^ 

npHHafljiejKamHH r(A), KOCoopToronajieH Cjie^OBaTejibHO, bcktop (3.f3) npHna^jie- 
>KHT r±{A)^ a 3HaHHT, H f(74). /^ajiee, bcktop 



( Eb-P^'^c.^ 



TaKJKe npHHa^jieiKHT C"^, a anaHHT, h f(A). OTCiofla 



e f(A) 
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Ho no flOKaaaHHOMy Bbime CBoiicTBy o6paTH]viocTH onepaTopa C TaKoe HeBOSMOJKHO. Cjie- 
flOBaTejibHO, MaTpHii;a M oSpaTHMa. 

HpoBepHM CBoiicTBO A = BC~^ . riycTb F = ^ ^ ^ G f{A). Tor^a VL{Y)f ~ 0, h fljia 

jiio6oro g cnpaseflJiHEO cbohctbo 

((^,e^"(^)/)) = ((^,/)), 
HjiH BBHfly yHHTapnocTH onepaTopa e*^*-^^ 

((e-^^^''^^,/)) = ((^,/)). (3.22) 

Cbohctbo (3.22) oananaeT, hto 

j d^[e-'''^''^^knOF{0 = / rfe/(0^(0, {P, Q) e (3.23) 
Ho 4)opMyjie (2.3) cbohctbo (3.23) npHBO^HTca k BH^y 

SaMCHOH ^ -\- Q ^ i OTCiOfla nojiyMHM: 

HJIH 

eilliiPi^-hPmpi^^ - Q) = F(0- (3-24) 
/Jjia rayccoBCKoii 4)yHKn;HH F (3.9) paBcncTBO (3.24) BbinojiHCHO, ecjin tojibko 

ig = p, (p,g)ef(^). (3.25) 

Tax KaK P — Ba, Q — Ca, cbohctbo (3.25) oananaeT, hto A — BC~^ . 

^OKajKCM TpcTbe yTBepjK^eHHe jieMMbi. HpeflaKcnoHeHTy b c|)opMyjie (3.21) mojkho 
3anHcaTb xax 

c=Jc j dai-.-dakC-^^-""''^^'''^''. (3.26) 

SanHincM HHierpaji (3.26) b SecKOopflnnaTHOM BHfle. Bhobb nepeiifleM ot nepeMennbix a 
K nepcMenHbiM X E Ck (3.19). SaMCTHM, mto 

= i<X, C-^CX > . 

Oiciofla nojiynaeM nepBVK) h3 c|)opMyji (3.11). 

^jia nojiyMCHHa BTopoii (jjopMyjibi aaMCTHM, mto, c oflnoii CTopoHbi, 



((/,/)) = {f,F) = I d^,c*e^^^M^-^*)^^^^ = c*c— 



(27r) 



n/2 



det{^) 
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a c flpyroii CTopoHbi, cnpaBe^jinBa 4)op]viyjia (3.7). CpaBHHBaa sth cooTHomeHHa, nojiy- 

HaeM, HTO ;i;OJI>KHO 6bITb 



^=(2-)'^/^cA^y'ciet(^). (3.27) 

YnpocTHM BbipajKCHHe (3.27). BsefleM na r±{A) opTOHopMHpoBaHHbiii 6a3HC 
Z^''~^^\ Z^^\ Ha r_(A) — opTOHopMHpoBaHHbiii 6a3HC W^^\ ...,W^''\ na Ck ^ 6a3HC 
X^^\ X^'^K Tor^a mojkho aanncaTb 



r^e Bis, Cis, Big, Cis — MaTpHn,bi, OTseMaiomHe onepaTopaM B,C : r{A) C", B,C : 
f{A) C". 

HocKOJibKy A — BC"^, A — BC~^, HMeeivr: 

-(A - A*) = -(BC-^ - (C+)-^S+) = (C+)-'-(C+S - B+C)C-\ 
i i i 

OSoanaMaa nepea V- MaTpHii;y 

V-^-{C+B-B+C), (3.28) 
yHHTbiBaa, hto A(C) = \detC\, h3 (3.27) nojiyHaeM: 

c = i2nf /'^^^^Jdet{C-^CV-). (3.29) 
Hccjie^yeM MaTpHn,y V- (3.28) pa3Mepa n x n. HivieeM: 



3^ecb /X, z/ = A; + 1, n, a, b = l,k. 

TaKHM oSpaaoM, MaTpHii;a V- HMeeT oSbiHHbin bh^ 



P_ 
1 



Hpn 3T0M P_ — MaTpHii;a paaiviepoM k x k, OTBenaiomaa onepaTopy P_ : >Cfe — > r_(A), 
TaK KaK 

P_(5^a,A'(^)) = ^(P_)„,a,>V('^). 

Hto KacaeTca onepaiopa CC : r(A) — > f{A), to oh aBjiaeTca TOJKflecTBenHbiM na nofl- 
npocTpancTBe r±{A); cjieflOsaTejibHO, ero MaTpHn,a HMeeT 6jiOHHbiH bh^ 



c-^c 



S 
S' 1 
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TaK HTO 

H det{C~^CV-) — det{SP^). MaTpHii;a SP^ cooTBeTCTByeT onepaTopy nC'~^CP_. JleMMa 
flOKaaana. 

3.3 ^OKasaTejibCTBO CBoiicTBa nojiHOTbi CHCTeMbi KBasHrayccoB- 

CKHX (|)yHKI],HH H erO CJieflCTBHH 

^OKajKCM TeopeMy 3.3 h BTopoe yTBep^Kflenne TeopeMbi 3.2. 

/^OKaaamejihcmeo meopeMU 3.3 pa3o6beM na necKOJibKO jtcmm. 

JleMMa 3.13. Uycrnb Z G MP . Tozda c^yHKi4UH euda e^^^^^f aKeueaAeHmna ce'^^^^^f, 
zde c — HUCAoeou MHOMCumeAb, Y G ^k^^ ■ 

/JoKasameAbcmeo. PaccMOTpHM cnanajia cjiynafi, Kor^a Z G rl(A). B 3tom cjiynae 
G r_(^), H no jieMMe 3.3 fljia neKOTopbix X G h X* G r^{A) cnpaBeflJiHBO 

CBOiiCTBO 

X = Z* + X*_. 

TeM caMbiM 

n{z) = n{x* -x_). 

Ylo jieMMe 2.1 

gin(^) y ^ gjf7(X*)g-if7{X_)gf<X*,X_> 

nocKO„TTbKy e-*^(^-)/ = / npn X_ G r_(A), a e'"(^*)/ ~ / npn X* G HMeeM: 
e'^(^)f ~ ci/ npH ci = e5<^*.^->. 

HycTb Tenepb Z G r*(y4). Torfla mojkho sanHcaib 

Z^Z_ + Z^, Z_ G rl(^), G rl(A). 

Cjie^OBaTejibHO , 

^in(z)f ^ ^niz.)^niz^)j ^ c^^in{z+)f_ (3.30) 

PaCCMOTpHM (J)yHKIi;HIO 

HocKOJibKy e*^^^-L^ f — f, ona c TOMHOCTbio flo KOHCTanTbi coBna^aeT c (3.30). TeM caMbiM 
fljia HeKOTopoH C2 H y = Z± + Z\ 

e'f^(^)/ ~ C2e^^(^)/, >^ e £<^>. (3.31) 

PaccMOTpHM Tenepb o6n];HH cjiynan. /Jjia nponsBOJibnoro Z G A^^ mojkho aanncaTb 
paajiojKenne 

Z = Z+ + Z_, Z+Gr*(A), Z_Gr(A), 

H 
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OyHKi^Ha e*^^'^+-*/, kbk ycTanoBJieHO Bbime, HMeeT bh^ (3.31). yTBepjK;i;eHHe jieiviMbi noji- 
HOCTBK) ^OKaaaHO. 

JleMMa 3.14. CoeoKynHocmt AuneuHux K0M6uHav^uu SAeMeumoe 7i 

o6pa3yem eoody nAomnoe MHOotcecmeo e Ti,. 

/JoKasameAbcmeo. PaccMOTpHM HHTerpaji BH^a 

J dPx(^)e^"^'''°V = / dPxiP)e'^^''^^'f, (3.32) 
r^e X ^ >S'(M"). HoKajKeM, hto oh MOJKeT Sbitb HpnSjiHJKeH c jiioSoh tohhoctbio ko- 

neHHblMH JIHHeilHblMH K0M6HHan,HflMH 4)yHKn,HH e^^^^^'^^f. T^eilCTBHTejIbHO, paCCMOTpHM 

flOCTaTOHHO 6ojibmoH map o6T3eMa V, HHierpaji no KOTopoMy OTjiHMaeTca ot HHierpa- 
jia no Bceiviy n-iviepnoMy npocTpancTBy (3.32) na Bejinnnny, ne npeBOCxoflani;yio e/2 no 
HopMe. JIj^si Ka>K;i;oii tohkh P Bbi6epeM mapooSpasnyio OKpecTiiocTb Op oST-eivia V{Op), 
yflOBJieTBopaioin,yio CBOiicTBy: npn Bcex P' G Op cnpaBe^JinBO cooTHomenne 

||x(P)e^^(^-°)/-x(P')e^"^^'°Vll<2^- 

Cyni;ecTBOBaHHe TaKon OKpecTHOCTH BbiTeKaeT h3 cnjibnoii nenpepbiBnocTn 4)yHKn;HH 
^^p'jgin(p,o)y sToro noKpbiTna mapa oSijeivia V BbiSepeivi Konennoe no^noKpbiTne, 
cocToain,ee h3 OKpecTnocTen Op.. PaccMOTpnM cyMMy 

Y^v{OpMPjy''^'''''^f; (3.33) 

j 

ee OTJiHHne ot nnTerpajia (3.32) no o6T>eMy V panno 

J2 [ dP[x{P,)e^^^^^''^f - x(P)e^^(^'°)/] 

H ne npenocxo^HT s/2 no HopMe. TeM caMbiM cyMMa (3.33) MOiKeT annpoKcmvinpoBaTb 
HHTerpaji (3.32) c jtio6oh TO^nocibio no nopMe. Cjie^osaTejibno, (J)yHKnHTO x(0/(0) 
rfle X £ <S'(M"), B ^acTnocTH, jTio6yTO 4)ynKn,HK) (p £ D(M."'), mojkho npnSjiHanTb no 
HopMe Ti. JinnennoH KOM6HHan;HeH (3.33). HocKOJibKy MnoxecTBO D(]R") hjiotho b S'(M'*), 
a CKajiapnoe npoHSBe^enne (2.5) nenpepbiBno corjiacno jieMMe 2.2 no cbohm apryMeHTaM 
B Tonojiornn 5'(R"), jiio6oh 3JieMeHT S(M."',Ck) mojkho annpoKCHMnponaTb 4)yHKn;HaMH 
(3.33). Oiciofla nojiynaeM yTBepjK/ienHe jieMMbi. 

H3 jieMM 3.13 H 3.14 BbiTeKaeT nepnoe yTBepiK^enne TeopeMbi 3.3. 

JleMMa 3.15. Jlwdou SAeMeHm MOCHcem dumb c ak)6ou 

moHHOcmbH) annpoKCUMopoean SAeMeumaMU Ti, euda 

[n(r+)r/, r+ef*(^). 
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/loKaaameAhcmeo. Ho nepBOMy yTBepa<;;i;eHHio Teopeivibi 3.2 jiflu JiioSoro Y G ^t'^^ 
onpe^ejieHbi y_ e f{A) h F+ G r*(A), TaKne, hto y = y_ + 1 + , y_ = y^. HMeeM: 

gif^(5^) J ^ gia(y+)gjn(y_)g-i<y+,y_> y ^ cgin(y+) 
rfle c = e~2<^+'^->. Hpn 3tom pa;], /],jia 3KcnoHeHTbi 

oo .„ 

I 



n! 

n=0 

cxoflHTca no HopMe, nocKOJibKy KBa^paT HopMbi n-ro cjiaraeMoro paben 

A(y<>7,n>rii/ir- 

OTCio^a nojiynaeM yTBepjK^eHHe jieMMbi h BTopoe yTBepjK^eHne TeopeMbi 3.3. 

/JoKaaameAbcmeo emopozo ymeepoicdeHUH meopeMU 3.2. HycTb flbe rayccoBCKne 
c|)yHKn,HH fi H /2 SKBHBajreHTHbi: /i ~ /2. riocKOJiBKy onepaTop f^(y) npn / G C^^^ ne- 

peBO^HT 3KBHBajTeHTHbie 4jyHKIXHH B SKBHBa.rreHTHbie, CBOHCTBa Vl{Y)fi ~ H Vl{Y)f2 ~ 

paBHOCHJibHbi. Cjie^OBaTejibHO, f[Ai) =f[A2). 

HycTb, o6paTHO, f{Ai) — f{A2) — f. 3to oanaHaeT, hto CBoiicTBa ~ h 

^(^)/2 ~ paBHOCHJibHbi npH Y G C,'^'^^ ■ PaCCMOTpHM c|)yHKii;Hio 

f ^ f _ f ((/2, /l)) 

OneBH^HO, ((/i,/2)) = 0; KpoMe Toro, 

((/i,Q(y;)...Q(y;)/2)) = ((Q(yi)A,Q(y2*)...Q(y;)/2)) = ... = o, 

yi,...,yfcGf. 

Cjie;i;oBaTejibHO, 4)yHKii;Ha /i opToronajibHa bcgm 4)yHKii,HaM fi(y|*)...r2(y^*)/2 h paBHa 
HyjiK) B CHJiy nojiHOTbi 3T0H CHCTeMbi. BTopoe yTBepjK^eHHe TeopeMbi 3.2 nojiHOCTbio 
flOKaaano. 

/loKaaameAhcmeo acmmu 3.7. He orpanHHHBaa o6tti;hocth, mo>kho CHHTaTb, hto 
Z G r±{A), nocKOJibKv (^iZ)g = npn Z G C^. Bbe^eM na r±{A) opTonopivmpoBaH- 
Hbiii OTHOCHTejibHO CKajiapnoro npoHSBeflenHa h < Z, Z* > Saanc y^^\ ...,y^''^^''\ oahhm 
H3 3JieMeHT0B KOTopoFO aBJiaeTca BeKTop y^^^ , nponopii;HOHajibHbiH Z. Bbe^eivi pocTKOBbie 
onepaTopbi poiK^enna h yHHHTOJKeHHa 

A:^n{y^->, A- = n{y(-\ 

yflOBJieTBopaiomne KaHOHHnecKHM KOMMyTaii;HOHHbiM cooTHomenHaM 

[A^,A^]=0, [A-,A^^]=S.^ (3.34) 
BBH^y opTOHopMHpoBaHHOCTH 6a3Hca. YTBepiK^eHHe jieMMbi oananaeT, hto 

ll^r^ll < ^ll^ll, \\Atg\\ < v^^lbll (3.35) 
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npH 

s 

^ = E E 9S...aAt...A+^[f], A-^[f] = 0. 

HocKOJibKy 

WA^gW" = {{g,A+Alg)) < s{{g,g)) = sWgW^- 
\\Atg\\^^\W + \\A-,g\\^<{s + l)\\g\\\ 

Cbohctbo (3.35) npoBepeno, jieMMa 3.7 flOKaaana. 

4 KBa^paTHMHbie raMHjibTOHHaHbi 

4.1 OopMyjiHpoBKa pesyjibTaTOB 

3BOJiiOLi;Ha KBanTOBoli CHCTeivibi aaflaeica oflHonapaMeTpHMecKoii rpynnoii e^'^* yHHTap- 
Hbix onepaTopoB, ^eficTByioinHx b rHJib6epT0B0M npocTpancTBe. FenepaTop rpynnbi H 
HasbiBaeTca onepaTopoM FaMHJibTOHa (raMHJibTOHHanoM). 

B npHjiojKeHHax HacTO BCTpenaeTca BajKHbiii ^acTHbiii cjiynaii onepaTopa H , KBa^- 
paTHMHoro no onepaTopaM h BbiSnpaa b A4. Sasnc Z^^\ mojkho aanncaTb 

KBaflpaTHMHbiii onepaTop H KaK 

^ 2n 

H^-Y,T,,n{Z^^)n{Z^^^)+e, (4.1) 

ii=l 

r^e Tij — CHMMeTpHMHaa MaTpHii;a, e — onepaTop yiviHOJKeHHa na hhcjio. 

BbipajKeHHe (4.1) mojkho aanncaTb h b 6ojiee a6cTpaKTH0M bh^b. 06o3HaMHM nepea 
0,2 OTo6pa>KeHHe, conocTaBjiaiomee 3jieMeHTy 



^ 2n 

r = - J] TijZ^^ ® Z^'^ e SymM (g) M 



ij=l 



onepaTop 



TeM caMbiM 



^ 2n 

^2(r) = -j;r,,fi(z«)fi(z(^)). 



2 

ij=l 



// = Q2(r)+£, re,SymM®M. (4.2) 



BbipajKCHHe (4.2) onpe^ejiaeT onepaiop, fleflcTByromHii b S(M.^). HTo6bi oho onpe^ejiajio 
onepaTop b 7i, iivjkiio noTpe6oBaTb, HTo6bi oho coxpanajio OTHomeHHe 3KBHBajieHTH0CTH. 
JieMMa 4.1. 1. Ceoucmeo 

/i ~ /2 Hfi ~ Hf2 

cnpaeedAueo Sam onepamopa (4-2) mozda u moAtKO mozda, Kosda 

r e SymC^^^ (8) jC^^> + SymCk ® M. 
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2. fl,ASi AK)6o20 onepamopa euda (4-2) momcho nodo6pamb maKue T' e SymC^^^ ^vC^"*"^ 
u e' , umo npu ecex f G S{W^,Ck) 



/loKaaaTejibCTBO npHBe^eHO b nyHKTe 4.2. 

KaK BbiTCKaeT h3 jieiviMbi 4.1, mojkho pacciviaTpHBaTb tojibko TaKne onepaTopbi (4.2), 
fljia KOTopbix r G SymCf^^ (8> ^k^^ ■ By;],eM paccMaTpHBaTb onepaTop (4.2) na mho- 
jKecTBe KBasHrayccoBCKHx seKTopoB, asjiaiomHxca jiHHeiiHbiMH K0M6HHan,HflMH BeKTopoB 
BHfla 

Q(y;)...Q(y;)[/] 

fljia HeKOTopoH rayccoBCKoii c|)yHKn,HH / 

/(0 = cexp[^^eiA^], ImA>0. (4.3) 

ij 

JleMMa 4.2. 1. Onepamop (4-2), paccMampueaeMUU na MHOotcecmee neaamayccoe- 
CKUX eenmopoe, cuMMempuneH. 

2. KeasmayccoecKue eenmopu neAHiomcH aHajiumuuecKUMU Sam onepamopa (4 -2). 

KaK BbiTCKaeT h3 jieMMbi 4.2, aaMbiKanHe onepaTopa H aaflaei caMoconpHJKeHHbiii 
onepaTop b H. 

^jiH flajiBHeiiniero BBe/ieM na C'^'^^ OTHomenHe 3KBHBajieHTHOCTH. Hmghho, 6yfleM 
roBopHTb, HTO ;iBa BCKTopa Y\ Y" G -C^"*"^ SKBHBajieHTHbi flpyr ;i;pyry, Y' ~ Y" , ecjin 
Y' — Y" G Ck- 06o3HaHHM cooTBeTCTByiomee 4)aKTopnpocTpaHCTBO KaK 

OneBHflHO, HTO KOCocKajiapHoe npoHSBe^eHne < •, • > ^onycKaeT cyjKeHHe na c|)aKTop- 
npocTpancTBO. 

HocKOJibKy npH Y E cnpaBe^JiHBO cbohctbo [f2(y)/] = npn Bcex /, KajK^OMy 
Y eTZ o^HoanaHHO conocTaBjiHeTCH onepaTop ^(Y) = 0,{Y), rjie Y — jiioSoh h3 npe,T,CTa- 
BHTejien Kjiacca Y. AnajiorHMHO, sjieMenxy T G SymTZ^TZ oflHoanaHHO conocTaBjiaeTca 
onepaTop VL2{T) = f22(r), r;i;e T G SymC^^-^ i^C^^^ — jiioSoh h3 npeflCTaBHTejieii KJiacca 

3KBHBajieHTHOCTH F. 

Hpn r = 2 X^ij ^ij^ ® ^ SymTZ <S> TZ, Tj^ — Fji, Y & TZ BBe^eM KOCocKajiapnoe 
npoH3BefleHHe <Y,r >G TZ cjieflyiomHM o6pa30M: 



2 



Hccjie^yeM Tenepb CBoficTBa ypaBHenna 

.df{t) 



dt 



mT)+e]f{tl (4.4) 



rfle f{t) en,r e SymTZ ® TZ. 
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OKasbiBaeTca, h fljia CHCTeM co CBaaaiviH cnpaBe;i;jiHBO cbomctbo, anajior KOToporo 
Hcnojib30Bajica npn pasBHTHH TeopHH KOMnjieKCHoro pocTxa MacjiOBa ^Jia CHCTeM 6e3 
CBaaefi. 

JleMMa 4.3. Onepamop fl{Y{t)), Y{t) e TZ KOMMymupyem c onepamopoM i-^ — 
^^2(r) — e Ha S{W^) mosda u moAbKO mosda, Kosda 

^=<F(t),r>. (4.5) 

YpaBHeHHe (4.5) na 2n — 2A;-MepHbiH BeKTop Y{t) mojkho TaKxe npeflcxaBHTb KaK ch- 
CTeMy 2n — 2k ypaBneHHH. 3Ta CHCTeivia HaauBaeTca CHCTeMoii KJiaccH^ecKHx ypaBiieHHH. 

JleMMa 4.3 noKasbiBaeT, hto npn ycjiOBHH (4.5) onepaTop Cl{Y{t)) nepeBO^HT peme- 
HHe ypaBHeHHa (4.4) b pemeHHe. CjieflOBaTejiBHO, jieMMa 4.3 noaBOJiaei CTpoHTb HOBbie 
pemeHHa ypaBHeHHa (4.4) h3 H3BecTHbix pemeHHii. 

06o3iiaTmM ^epea Ut pa3pemaToni;HH onepaTop fljia ypaBHenna (4.5), nepeBOflaninii 
HanajibHoe ycjiOBne ^Jia ypaBnenHa (4.5) b pemeHHe 3aflaHH Kohih ^Jia nero b MOMenT 
BpeMeHH t: 

Ut:Y{0)^Y{t). 

BajKHbiM HpHMepoM pemeHHa ypaBHenna (4.4) aBJiaeTca rayccoBCKaa c|)yHKH;Ha 

/(t,^) = c(t)e^^'^«^^"W«^-. (4.6) 

Eii cooTBeTCTByeT 4)yHKH;Ha F — -qf BH^a 

F(t,0 = c(t)e^^'^-^'^*^(*)«^. (4.7) 

06o3HaHHM Hepe3 r{A(t)) h f{A{t)) cooTBeTCTBenHO KOMHJieKCHbiii S'-pocTOK MacjiOBa 
H KOMHjieKCHbiH i7-pocTOK MacjiOBa, OTBeHaiom,He 4)yHKn,HH (4.6) b mombht t. Mepe3 
C{t) : r{A{t)) H C{t) : f{A{t)) —>■ C" o6o3HaHHM OHepaiopbi npoeKTHpoBaHHa c 

pocTKOB Ha KoopflHHaTHyio HjiocKOCTb, Hepe3 V-{t) : f{A{t)) — > r{A{t)) — onepaTop BH^a 
(3.10). 

JleMMa 4.4. FayccoecKaH (f)yHK%ufi (4.6) neAHemcH pemenueM ypaeueuuH (4-4) f^o- 
zda u moAbKO mozda, Kozda eunoAHenu dea ycAoeun: 
(a)f{A{t))=UtfiA{Q)); 

^U-W) ^det[C{t)V-{t)utVZ\0)C{0)] 

Upu smoM 

Ht) = , (4.9) 



^det{C{t)u,C-HO)) 



113 JTBMM 4.3 H 4.4 BbiTeKaeT cjie;i;cTBHe. 

Cjie^CTBHe. Uycmb f{t,^) — zayccoecKoe pemeuue ypaeueuuH (4-4) ■ Tosda ^yHK%UH 
euda 

U{utYi)...Q{utYs)f{t,0 (4.10) 
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maKCHce HeAHemcH pemenueM ypaeneHUH (4-4)- 

06o6iii;hm Tenepb npHBe^eHHbie peayjibTaTbi na cjiynaH, Kor^a KaK npocTpancTBO jCk 
(a 3HaHHT, H rHJib6epT0B0 npocTpancTBO Ti. — Ti-t), Tax h K034)4)Hii;HeHTbi Tij b onepaTope 
H (4.1) 3aBHCflT OT BpeMeHH t. PaccMOTpHM ypaBHeHHe BH^a 

i^^-mm)+e{t)]f{t,0; (4.11) 

3flecb f{t, •) G S(MJ^), npoH3BOflHafl no BpeMeHH h ypaBHenne (4.11) noHHMaiOTca b npo- 
CTpancTBe ^(R"). 

06o3HaMHM Mepes Ut OToSpajKenHe, conocTaBjiHiomee naHajiBHOMy ycjiOBHio fljia ypaB- 
Henna 

^ =< Y{t), T{t) >, Y{t) e M (4.12) 
B pemeHHe 3aflaHH Komn: Ut : ^(0) ^ Y(t). KococKajiapnoe npoH3BefleHHe noHHMaeTca 

B CMblCJie 

< F, ^ h^ijZ^^ ® z^^ >= J2 r^i < y, z^^ > z^^\ 

ij ij 

TeopeMa 4.1. 1. FayccoecKaH (pyHKv;aH (4-6) neAHemcH pemenueM ypaeueuuH (4-11) 
mosda u moAhKO mozda. Kozda eunoAHenu dea ycAoeun: 
(a) r{A{t)) = UtMm; 

(6) c{t) = c(0) , ^ . 

2. IJycmb HanaAbHoe ycAoeue Sah ypaenenuH (4-H) ^QAnemcH neaamayccoecKou 
4>yHKti,ueu. Tosda ypaenenue (4-H) UMeem pemenue e KAacce neaamayccoecKux ^yuK- 
14UU. 

3. npeo6pa3oeaHue aeoAmv^uu, nepeeodaiu^ee HauaAbHoe ycAoeue dAH ypaeneHUH (4-11) 
6 pemenue sadauu Komu e MOMenm t, coxpauMem omnomeHue SKeueaAeHmHocmu u cna- 
AHpuoe npouseedeuue mozda u moAbKO mozda, Kozda 

Ck(t)^UtCk(0)- (4.13) 

Ime^~\nA{u',), (4.14) 

sde : jCk{0) — > jCk{t) — cyotcenue Ut na £^(0). 

4- Upu eunoAHCHUu ycAoeun (4-13) cnpaeedAueu ceoucmea 

,,,,, ,,,,, c(0)e-^/o«--(*')<it'^AK) 



det[C{t)utC-^{Q)] 

KaK BbiTeKaeT h3 nynKia 2, npn ycjiOBHH (4.13) na MHOJKecTBe KBa3HrayccoBCKHx 
c|)yHKn,HH onpe/iejien H30MeTpHHecKHH onepaTop, nepeBOflamnii naHajiBHoe ycjiOBHe fljia 
ypaBHenna (4.11) b pemeHne SToro ypaBneHna. BBH^y nojiHOTbi CHCTCMbi KBasnrayccoB- 
CKHx (J)yHKn;HH oh o;i;H03HaHHO npoflOJiJKaeTca ;i;o HSOMCTpHHecKoro onepaxopa Uto : Tio 
Tit. HocKOJibKy HaHajibHbiii mombht mojkho BbiSpaTb npoHSBOJibHbiM oSpasoM, onpe;i;ejie- 
Hbi H30MeTpHHecKHe onepaTopbi 3BOJiion,HH Ut2ti '■ "Hti "Hti, yflOBjieTBopaiomne CBoii- 
CTBy Ut^t^Utiti — Ut^ti- HocKOJibKy Utoto — 1) onepaTopbi C/tjti o6paTHMbi h yHHiapHbi. 
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4.2 /],OKa3aTejibCTBa yTBepxcfleHHH 

/Jonas ameAhcmeo acmmu 4-i- 

/JoKajKeM /[ocTaTOHHOCTb B nepBOM yTBepjKfleHHH. HycTb / ~ h F G SymC^^^ ® 
C'^-^^ + SymCk® M.. HoKajKeM, mto Hf ~ 0. 3aMeTHM, hto onepaTopbi ^{Z), Z G -C^"*"^ 
coxpaHfliOT OTHomeHHe 3KBHBajieHTH0CTH (jieMMa 2.5): Q{X)Q(Y)f ~ npn y G >Cfe h 
jiioSoM / (4)opMyjia (2.11)), Q(y)Q(X)/ = Q(X)Q(y)/ -i <Y,X > f ^ Q. OTCio^^a 
ii"/ ~ 0. 

^OKajKeM HeoSxoflHMOCTb. BocnojibsyeMca peayjibTaTOM jieMMbi 2.8: 



<±> 



H BBe^eM 6a3HCbi (A'«,...,A'(*=)) Ha A h y^^^) Ha ^fc, yflOBjiGTBopaiomHe CBoii- 

CTBy 

< >^5a&^ (4.15) 

H 6a3HC {Z^^\ Z^^""^*^)) Ha (£fc + ^fc)^"*"^- Torfla mojkho aanncaTb: 

^=|E„5^l;^^(A'('^))^^(A'('')) + iE.,^i>(3^("))^](3^W) 
+i E^i rg^f^(2«)f^(2(^)) + i Eaa rit)(i](A'(«))i](3^(°)) + i](3^("))o(a'(«))) (4.16) 
+ E.„rlJo(A'(«))0(z«) + E.ar;^^^^(:^;("))0(z«) + £. 

3flecb HCH0Jib30BaHbi CBoiicTBa 

[0(A'('^)); n(Z(^))] = 0, My^% J1(Z»)] = 0. 

PaCCMOTpHM 4)yHKn,HIO / ~ BHfla 

/ = QiX^'^^g - 0. 

Torfla BBHfly (4.15) 

[0(A'(«));n(y^)] = -i<5„, (4.17) 
BBH^y cjie^CTBHa h3 TeopeMbi 3.1 OTCK);i;a BbiTeKaeT, hto 

c 

HJIH 

= 0, r£) = 0. (4.18) 

Cbohctbo (4.18) KaK pa3 h 03HaHaeT, hto 

r G SymC<^> ® £<^> + SymCk ® M. 
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/loKaiKeM Tenepb BTopoe yTBepjK^eHHe jieiviMbi. Bocnojibayeivica aanncbio (4.16) h ^op- 
Myjioii (2.11). Tor^a 



~ ( ^J^rSf i](zW)i](z(^)) + ^5^rit)[i^(y"));i^(A'W 

\ ij aa 



HTO ^OKasbiBaeT yTBepjK^eHHe BBH/i,y (4.17). 
/^OKaaameAhcmeo acmmu 

CHMMeTpHHHOCTb onepaTopa (4.2) BbiTeKaei h3 CBoiiCTBa (2.12). ^OKajKCM anajiHTHH- 
HOCTb KBa3HrayccoBCKHx BeKTopoB. Tpe6yeTca npoBepHTb, hto pa^ 



oo 



n=0 



cxo^HTCH npH /[ocTaTOHHO Majibix t. HycTB g — KBasHrayccoBCKHH seKTop panra s. Torfla 
H3 jieMMbi 3.7 BbiTexaeT, hto 



\\Hg\\ < •\/(s + l)(s + 2)a| Ig^l I, a — const. 
HpH 3T0M Hg — KBaanrayccoBCKHH bcktop panra s + 2. Cjie^OBaTejibHO, 

\\H^g\\ < a-^/{s + l)...{s + 2n)\\g\\ = a" ^^' t^^^' 

H pa^i; (4.19), kek BbiTeKaeT h3 (J)opMyjibi CTHpjiHHra ^Jia n\, npn ^ocTaTOHHO Majibix t 
cxoflHTca. YTBepjK^eime ;i;oKa3aHO. 

/Jonas ameAhcmeo aemmu 4-3. Henocpe;i;cTBeHHbi]vi BbiMHCJieHHeM ycTanaBJiHBaeM, hto 



ifi(y(0); [H;n{Y)]^in{<Y,r>). 



OTCio^a nojiynaeM, hto ycjiOBne [ij^; J7(y(t))] = paBHOCHJibHO Q{Y— < y, F >) = 0, 

MTO no cjieflCTBHK) H3 TeopeMbi 3.1 paBHOCHJibHO Y— < y, r >= B CMbicjie 4)aKTopHpo- 
CTpancTBa. JleMMa 4.3 flOKa3aHa. 

JJoKaaameAhcmeo aemmu 4-4- CiiaTiajia flOKajKCM Sojree npocToe yTBepjK;i;eHHe. 

JleMMa 4.5. 1. Uycmb zayccoecKan (pyuK'^UH (4-6) neAHemcH pemenueM ypaeueuuH 
(4.4). Tozda f{A{t)) = Utf{A{Q)) . 

2. Uycmb f{A{t)) = Utf{A{0)). Tosda Sah HCKomoposo hucaoboso MHOotcumeAH c{t) eayc- 
coecKan (pyuKUtUH (4-6) 6ydem HOAHmhCH pemenueM ypaenenuH (4-4) ■ 

JJoKasameAhcmeo. J^Jisi flOKa3aTejibCTBa nepBoro yTBep^Kflenna jieMMbi saMCTHM, hto 
cJ)yHKn;Ha Q.{utY)[f{t, ■)] y;i;oBJieTBopaeT ypaBHennio (4.4) fljia jiioSoro Y G TZ. Cjie;i;o- 
BaTejibHO, ecjiH ona pabna nyjiio b o^hh momght BpeivieHH t, to ona paBHa nyjiio h b 

OCTajIbHbie MOMBHTbl. TaKHM 06pa30M, CBOHCTBa 

n{utY)f{t, •) - 0, o(y)/(o, •) ~ 

paBHOCHjibHbi, HTO H flOKa3biBaeT HepBoe yTBepjKfleHHe. 
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J^OKayKeu BTopoe yTBepjK;i;eHHe. HycTb ft = e~*^*/(0, •) — pemeHne ypaBHeima (4.4) 
c aa^aHHbiMH rayccoBCKHMH HanajibKbiMH ycjiOBHSMH. HpoBepHM, hto oho coBna^aeT c 

f(t, •) C TOHHOCTbK) ^O HHCJIOBOrO MHOJKHTe Jia . BBHfly HOJIHOTbl CHCTeMbI KBa3HrayccoB- 
CKHX 4)yHKn,HH flOCTaTOHHO npOBCpHTb, HTO 

{{n{Y*).MY;)f{t, ■), ft)) = 0, Y,e f{A{t)), 



HJIH 



n{Yt)ft^O, Ytef{A{t)). (4.20) 

Ho CBOiiCTBO (4.20) paBHOCHJIbHO COOTHOmeHHK) 

Q(yo)/o~0, YoefiAo), 

BbiTCKaioineMy Henocpe;i;cTBeHHO h3 onpe;i;ejieHHii pocTKa. Jleiviivia 4.5 flOKaaana. 

^OKajKBM Tenepb (|)opMyjibi (4.8) h (4.9). Hpe^Kfle Bcero, aaivieTHM, mto BBH^y jieM- 
Mbi 3.6 OHH paBHOCHjibHbi. HosTOMy orpaHHHHMca npoBepKoii 4)opMyjibi (4.9). SanameM 
onepaTop H kslk 

^=|E-.i(-^4)^^p.p.(-^|-)+ 

EcjiH / y^iOBJieTBopaeT ypaBHenHio (4.4), to oSoSmennaa 4)yHKii;Ha F (4.7) Sy^eT y^o- 
BJieTBopaTb ypaBHeHHK) 

■ dF{t,0 _ 
' dt ~ 

OTCio^a nojiynaeM ypaBHenna na c(t) h A(t): 



HF{t,0. 



i|i = Hpp + HpqA + AHqp + AHppA. 
Hpn 3T0M KJiaccHHecKaa CHCTeivia (4.12) fljia Y{t) = ^ Q^^Jj ^ aannmeTca Kax 

f P = -HqpP - HqqQ; 

TaKoii me no 4)opMy CHCTeMe y/i,OBjieTBopaiOT h MaTpHij,M 

S(i) = S(i)HtC'-^(0), C{t) = C'(t)KtC'-^(0). 

Hmchho, 

|5 = -HqpB - HqqC- 
— —HppB — HpqC. 

HpH 3T0M A — BC~^, a lndetC(t) y^OBJieiBopaeT ypaBHenHio 

j^[lndetC{t)] = Tr^C-^ = Trfi/ppA + //pq]. 
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OTCK);i;a nojiynaeM yTBepjKfleHne jieiviMbi 4.4. 
/JoKasameAbcmeo meopeMU 4.1. 

HepBoe yTBepjK^eHHe ^OKasbiBaeTca no anajiorHH c jieMMofi 4.4. PemenHe b KJiacce 
KBa3HrayccoBCKHx c|)yHKn,HH HMeex bh^ jiHHeiiHOH K0M6HHan,HH c|)yHKn,HH (4.10). 

HpoBepHM TpeTbe yTBep>K,T,eHHe. HycTb npeo6pa30BaHHe 3BOJiion,HH coxpanfleT otho- 
ineHHe SKBHBajieHTHOCTH. HycTb /(t, ^) = Qt^C) — KBasHrayccoBCKoe pemenHe ypaBHenHH 
(4.11). Tor^a nanajibHoe cocToaHne BH^a 

n(Xo)^o ~ 0, Xo e A(0) (4.22) 

nepexoflHT b mombht t b cocToaHne BH^a 

n{utXo)g^ ~ 0, (4.23) 

KOTopoe TaKJKe ;i;oji>kho 6biTb SKBHBajieHTHO HyjiK) jiflu jnoSoii gt. 3to oanaHaeT, hto 
UiXq G Ck{t). OSpaTHO, H3 CBOHCTBa (4.23) BbiTGRaeT (4.22), hto oaHa^aeT Ck{t) = 

HycTb ycjiOBHe (4.13) BbinojiHeno. HoKajKeM, mto HopMa coxpanaeTca Tor^a h TOJibKO 
Tor^a, Kor^a BbinojiHeno cooTHomeHHe (4.14). ^Jia 3Toro Bbi6epeM na Ck{t) 6a3HC X^'^\t) 

TaKHM 06pa30M, HT06bI 

X^''\t) = UtX^''\Qy, (4.24) 

Tor^a 

r,{t) = J{t) J (iai...(i«fee*^<''^'^^('^''"W), 
npeo6pa30BaHHio Ut cooTBeiCTByeT eflHHHHnaa MaTpHn,a h 

A(«°) = J(t)/J(0). 

H3 CBoiicTBa (4.24) BbiTexaeT, hto onepaTopbi 0,(X^"'\t)) h e*^""""^"^'"'*^*^-* KOMMyrapyiOT 
c i-^ — f^2(r) — s; cjie^OBaTejibHO, 

z|((/(t,.),/(t,-)) = ^|(/,^/) = 
{[-n,{T) - £]/, r//) + (/, t^f) + (/, vin^iT) + e]f) = 
(/, [iA-n,iT),r^]f) + {s-e*)if,r^f)^ 

TaKHM o6pa30M, KBa^paT HopMbi coxpanaeTca npn ycjiOBHH 

jme - - ^ ^^^"^ - - ^ ^^^^(^*) 
~ ~2 dt ~ ~2 Jt ' 

HTO COOTBeTCTByeT (4.14). 

^jia npoBepKH neTBepToro yTBepjK^eHHa nojiyHHM ypaBHenne na o6o6iii;eHHyio 4)yHK- 
ii;hio F. HivieeM: 

[i| - n2(r) - Ree]F = [t^ - n^iV); r^]F + ^[^| - n,{r) - Ree]f = 
Oiciofla no anajiornn c jicmmoh 4.4 nojiynaeM yTBepjKflenne jieMMbi. 
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5 FayCCOBCKHe C06cTBeHHbie cJ)yHKII,HH H yCTOHHHBOCTb 
KJiaCCHMeCKOii CHCXeMbl ypaBHGHHH 

0Ka3biBaeTca, hto Bonpoc o cymecTBOBanHH rayccoBCKoii co6cTBeHHOH c|)yHKn,HH KBaflpa- 
THHHoro raMHJibTOHHaHa 

i/ = n2(r), T e SymTK^n, (5.1) 
CBaaan c BonpocoM 06 ycToiiHHBOCTH KJiaccHHecKofi CHCTeMbi (4.5): 

^^<Y{t),T>, Y{t)en. (5.2) 

HanoMHHM, HTO CHCTeMa (5.2) nasbiBaeTca ycToii^BOH, ecjiH Bce ee pemenHa orpanHHenbi 
paBHOMepno no t. 

Cc|)opMyjiHpyeM yTBepjK^eHHe, o6o6iii;aioiii;ee TeopeMy MacjiOBa [11] na cjiynaii CHCTeM 
CO CBaaaMH. 

TeopeMa 5.1. 1. Uycmb onepamop (5.1) UMeem sayccoecKuu co6cmeeHHUu eenmop 
[/] &7i, f UMeem end (3.1). Tozda cucmeMa (5.2) ycmounuea. 
2. Uycmb cucmejua (5.2) ycmounuea. Tosda: 

(a) cymecmeyem 2n — 2k AuneuHO-HesaeucuMux pemenuu ypaeueuuH (5.2), Komopue 
pa36uea')omcM na napu conpMotceHHUx pemenuu 

Y^'\t) = Y^'\'^'\ F^'^*(t)=F^'^*e-'ft*, I = T~i^ (5.3) 
u ydoeAemeopnem ceoucmeaM 

<y''\y'''* >^ Su, <y''\y'''>^0; 

(6) JiuueuHaH o6oAOHKa f C Ai^, HamHuyman na nodnpocmpaucmeo C.^ u eeu- 
mopu Y^^\ ...,Y^'"~'^\ HejiHwvuuecH npedcmaeumejiHMU KJiaccoe SKeueajienmHocmu 
yi,...,y^" ^\ He saeucum om eu6opa npedcmaeumcAcu KAaccoe aKeueaACHmnocmu u 
MBAJiemcfi KOMnACKCHUM H -pocmnoM MacAoea Sam HCKomopou zayccoecKou ^yuKv^uu f 
(3,1): f = f{A); 
(e) ecKmopu euda 

o6pa3yiom noAnyio opm.osoHaAbHyTO cucmcMy co6cmeeHHUx eenmopoe onepamopa (5.1) c 
co6cmeeHHUMU anaueHUHMU 

Pl{Ni + ^) + ... + Pn-k{Nn-k + (5.5) 

HoflHepKHeM, HTO ycTOHHHBOCTb CHCTeMbi (5.2) noflpaayMCBaeTca hmchho b cmmcjic 
c|)aKTopnpocTpaHCTBa TZ, a ne ncxo^Horo npocTpancTBa JO,^^^ . HpoHJiJiiocTpHpyeM 3tot 
c|)aKT na npHMcpe. 
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HycTb 

H = 

a npocTpancTBO Ci 0/],H0MepH0 h HaTanyTO na BeKTop (Pi = 1,P2 = 0,Qi = 0,(^2 = 0). 
OMeBHflHO, HTO if ~ H jiio6afl rayccoBCKafl 4)yHKn,Ha aBjiaeica co6cTBeHHOH fljia H. 

Hccjie^yeM ycTOHHHBOCTb KJiaccHHecKofi cncTeMbi. B ^aHHOM cjiynae Cf^^ coctoht 
H3 Bcex BeKTopoB, fljis KOTopbix Qi = 0, a CHCTeMa (4.12) Ha Cf^^ HMeeT bh^ 

Pi — —Q2, P2 — —Qi', 
Q2 = 0, Qi = 0; 

ee pemeHHe jiHHeiiHO pacTeT co BpeMeneM 

Qi(t) = 0, Pi{t) = Pio - Q2ot, 

Q2it) = Q20, P2{t) = P20. 

OflHaKO Ha 4)aKTopnpocTpaHCTBe pemeHne ^anHofi CHCTeMbi nocTOSHHO, Tax xax paanocTb 

BGRTOpOB 

(Pl(t), P2(t), Ql{t), Q2{t)) B MOMGHTbl BpeMGHH tl H t2 npHHaflJieJKHT Ci. CjieflOBaTejIbHO, 

CHCTeMa (5.2) j^jin 4)aKTopHpocTpaHCTBa Cf^'^/Ci ycTOHHHBa, b OTJinnne ot CHCTCMbi 
fljia £<^>. 

/JoKasameAbcmeo meopeMU 5.1. 

^OKa>KeM nepBoe yTBepjK^eHHe. HycTb [/] — rayccoBCKHii coScTBeHHbiii BeKTop ra- 
MHjibTOHHaHa (5.1), a Y{t) — pemeHHC chctcmm (5.2). noKa>KeM, hto oho orpanHHeno. 
HycTb Y e vC^"*"^; Tor^a Y no TeopeMaM 3.1 h 3.2 mojkho npe/],CTaBHTb b bh^c 

Y = Y_ + Y1, (5.6) 

r^e y_ e ^(^4), YZ e ^(^)- Hpn 3tom bcktop Y_ OHpe^ejien o^HoanaHHO c tohhoctbio ^o 
flo6aBJieHHa BCKTopa h3 C^. SannmeM 

y_ = yj + ri, y^ g r^{A), ri e c^. 

Cjie/iOBaTejibHO, bgktop Y^ G r_\_[A) conocTaBjiaeTca BCKTopy Y o^HoaHa^HO. /JanHoe 
OToSpajKCHHe ne MenacTca npn floSaBjienHH k Y sjieivieHTOB h3 Ck h flonycKaei nosTOMy 
cyjKeHHC na (|)aKTopnpocTpaHCTBO 

R^:Y ^ Y^. 

OTo6pajKeHHe P_ fleiiCTByeT h3 2n — 2A;-MepHoro Ben^ecTBCHHoro npocTpancTBa na n — /c- 
McpHoe KOMHJiCKCHoe HpocTpaHCTBO, KOTopoc M05KH0 paccMaTpHBaTb KaK 2n — 2A;-MepHoe 
Beni;ecTBeHHoe. 

rioKajKeM, MTO R± aBJiaeTca BaaHMHO o^HOSHanHbiM OToSpajKenneM. npe;i;nojTO>KHM 
npoTHBHoe. Tor^a R_iY = fljia ncKOToporo Y ^ Q. 3to oananaeT, mto neKOTopbifi npe/],- 
CTaBHTCJib Y Kjiacca Y pacKjiaflbiBacTca b cyMMy (5.6) npn Y-,Y* G jCk- CjieflOBaiejibHO, 
Y G Ck- Ho Tor^a Y — 0. HosTOMy R±_ BsanMHO o;i;H03HaHHO. 

HpoBepHM orpaHHHeHHOCTb pemcHHa Y(t). 3aMeTHM, hto KBa^paT HopMbi BCKTopa 

^(mm = m±ymf] + nuRj^imif] = nuRj^imifi 
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paBHaa 

- < Rj", (R±YY >= \R±Y\^ 
coxpanaeTca. HocKOJibKy R']} — orpaHHHeHHbiii onepaTop bbh^y KoneHHOMepHOCTH h 

BSaHMHOii 0;i;H03HaHH0CTH, 3T0 03HaHaeT, HTO Y(t) OrpaHHHeHO B JII060H H3 HOpM B K^"'"^'^. 

HepBoe yTBepjKfleHHe xeopeMbi flOKaaano. 

^OKaiKeM yTBepiKfleHHe 2a. H3 leopeMbi o npHBe^enHH MaTpHn,bi k jKopflanoBOH Hop- 
MajibHOH c|)opMe H ycTOHMHBOCTH BbiTCKaeT, MTO cymecTByeT 2n — 2k jiHHeiiHO HeaasH- 
CHMbix pemeHHii CHCTeMbi (5.2), npoBopn,HOHajibHbix e*''"*, a — l,2n — 2k, f3a G M. 3to 

3HaHHT, HTO 

i^y^^ ^<y^"\t> . (5.7) 

BsefleM Ha TZ 6HjiHHeHHyio 4)opMy 

u(Y, Y')^- < Y, Y'* > . (5.8) 

HoKajKeM, HTO co6cTBeHHbie BeKTopbi 3afla™ (5.7), OTBeHaiomHe pa3HbiM /3, opToronajib- 
Hbi flpyr flpyry OTHOCHTejibHO CKajiapnoro npoH3BefleHHa (5.8). /JeficTBHTejibHO, nycTb 

i/3Y =< Y,T>, -i(3'Y'* =< y'*,T>, (3 ^ 13'. 

Bocnojib3yeMca cbohctbom 

<F,<F'*,r »=<F'*,<F,r », 

BblTeKaiOmHM H3 CHMMeTpHHHOCTH F, H 3anHmeM erO B BHfle 

il3 < ¥'*,¥>= -0 < ¥,¥'* > . 

Oiciofla 

u{Y, Y') = 0. 

06o3HaHHM Hepe3 TZ/^ co6cTBeHHoe no^npocTpancTBO 3a;i;aHH (5.7), OTBenaiomee co6- 
CTBeHHOMv 3iiaTienHTO (3. CKajiapnoe npoHSBeflenHe (5.8) na TZ/3 HeBbipo>Kji;eHO. ^eiicTBH- 
TejibHO, npe/inojTOJKHM, ^to HMeeTca BexTop Y G T^g, opToronajibHbiH TZp. Tor^a Y 6YjieT 
opToronajieH h bcgm ocTajibHbiM no^npocTpaHCTBaM TZpi , a ana^HT, h TZ, mto npoTHBope- 

MHT HeBbipOJKfleHHOCTH 4)0pMbI (5.8) Ha TZ. 

ripHBe^eM 4)opMy (5.8) k KaHOHHHecKOMy BH^y na TZp h pa3Jio>KHM TZp b npaiviyio 
cyMMy opToroHajibHbix OTHOCHTejibHO HHfle4)HHHTHoro CKajiapHoro npoH3Be^eHHa (5.8) 
noflnpocTpancTB 

npH 3T0M na TZ'g HHji,e4jHHHTHoe CKajiapnoe npoH3Be,T,eHHe nojioJKHTejibHO onpe^ejieno, 
na Tip — OTpHLi,aTejibHO onpe^ejieHO. HpH stom, nocKOJibKy TZ-p = TZ*^, pa3Ji0JKeHHe 
npocTpancTBa TZ^p mojkho Bbi6paTb b BH^e 

7^_^ ^ [Up* + {TZ-pT 
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Ha {'R-^y CKajiapHoe npoHSBe^eHHe OTpHii;aTejibHO onpeflejieno; na {T^jj)* — nojiojKHTejib- 
HO onpe;i;ejieHO. PaajiojKeHne 5Ke npocTpancTBa IZq = TZq BbiSepeM b bh^b 

Bbi6epeM b npocTpancTBe ^ + )* +7^o opTOHopMHpoBaHHbiii 6a3HC {Y^^^}. Oh 

6yfleT yflOBjieTBopHTb bcbm Tpe6yeMbiM CBoiicTBaM, mto flOKaabisaeT yTBepjKflenHe 2a. 
yTBepjK^eHHe 26 sBJiaeTca cjie^CTBHeM TeopeMbi 3.2. 

Cbohctbo nojiHOTbi CHCTeMbi BCKTopoB (5.4) BbiTeKaeT H3 TeopeMbi 3.3. OpToronajib- 

HOCTb 3T0H CHCTeMbi BCKTOpOB BblTeKaCT H3 KOMMyTaii;HOHHbIX COOTHOmeHHH 

[niY^'^)UiY^'^*)] = 5u, [W^'^)W^')] = 0, (5.9) 

jiBJiaiomHxca cjie;i;cTBHaMH (5.3). 

HoKaiKeM Tcnepb, hto BCKTopbi (5.4) aBJiaiOTca co6cTBeHHbiMH ^Jia onepaTopa (5.1). 
/Jjia 3Toro ycTanoBHM cnanajia, hto 

r = ^ E /^H^^'^* ® ^^'^ + ^^'^ ® ^^'^1 (5-10) 
I 

PaCCMOTpUM pa3H0CTb 

t = T-^-Y,P:[Y^'^'®Y^'^+Y^'^®Y^'^*] 

Tor^a BBH;i;y (5.7) 



anajiornHHO nojiyHHM, hto 



(J) (j)^ 

BBHfly CBOHCTBa nOJIHOTbl CHCTCMbl OTCio^a nojiynacM 

<F,f>=o, Yen 

H r = BBH^y HCBbipoiK^eHHOCTH KOCocKajiapHoro npoH3Be^eHHa na TZ. Cbohctbo (5.10) 
npoBepcHo; h3 nero BbiTCKaeT, mto 

^ = iE,/3/[n(F^'^*)n(F('Vn(F('^)n(F('^*)] .5 

-EimY^'^*MY^') + l] 

lis KOMMVTailHOHIIblX COOTHOmeHHH (5.9) HeHOCpeflCTBeHHbIM paCHCTOM HOJTVHaeM, HTO 
BCKTOpbl (5.4) aBJIflCTCfl CoScTBCHHblM fljia OHCpaTOpa (5.11) C CoScTBeHHblMH 3HaHeHHaMH 

(5.5). 

Pa6oTa BbiHOJiHCHa npn c|)HHaHCOBOH noflflepjKKe PoccHiicKoro 4)0Hfla c|)yHflaMeHTajib- 
Hbix HCCJie;i;oBaHHH, HpocKTbi 08-01-00601-a h 05-01-02807-HLI;HHJ1. 
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